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I Lie Algebras

Definition I.1. Let L be a vector space over a field F, and [-,-]: L x L — L
be a bilinear map satisfying:

(L
(L2

1) Vee L, [z,2] =0

) Va,y,z € Ly [ [y, 2]] + [y, [2,2]] + [, [z, 4] = 0

Then (L, [-,-]) is a Lie algebra, and [-,-] is a Lie bracket.

(L2) is called the Jacobi identity.

Lemma 1.2. Let (L,[-,]) be a Lie algebra, then:

(L1*) Vz,y € L, [x,y] = —[y, x].

Proof.

0=[z+y,z+y] =[v,2] + [z,y] + [y, 2] + [y, 9]
= [2,9] + [y, 2] u

Exercise. Let L be a v.s. over a field F' of characteristic not equal to 2. Suppose
that [-,-]: L x L — L is bilinear and satifies (L2) and (L1*), then (L, [,]) is a
Lie algebra.

Examples.
1. Let V be a v.s. over F. Define [,-]: VXV — V by [v,w] = 0. Then
(V,[-,]) is a Lie algebra. This is called an abelian Lie algebra.

2. Let F =R, L = R3. Define [,-] = - x -. Then (R3,[-,]) is a Lie algebra.

3. Let F be a field, M,,(F) := {A | A is an n by n matrix over F'}. De-
fine [,-]: M, (F) x M,(F) — M,(F) by [A,B] = AB — BA. Then
(M, (F),[,]) is a Lie algebra denoted g[( ,F).

3'. Let V beav.s. over F of dimension n, EndV := {T: V — V | T is linear}.
Define [-,-]: EndV xEndV — End V by [T1,T2] = Ty 0T —To0T;. Then
(EndV,[-,]) is a Lie algebra, gl(V).

Question: Is there a connection between 3 and 3’7

4. Recall that for A € M, (F), tr A:=>"" | a;;.
sl(n,F) := {A € M,(F) | tr A = 0} with [A4,B] = AB — BA is a Lie
algebra.

5. Asisb(n,F):={A € M,(F) | a;; =0 for i > j} with [4, B] = AB— BA.

6. And u(n,F) :={A € M,(F) | a;; =0 for i > j} with [A, B] = AB — BA.

A|B T T _

7. 3 (5] € MonlF) | A,B,C,D € My (F), BT =B, CT =C, A

with [M, M] = MM — MM is a Lic algebra denoted sp(2n, F).



1 0

0 0 I, |. This forms a
I, O

Lie algebra with [A, B] = AB — BA denoted o(2n + 1, F).

8. {A € Myy11(F) | SA=—ATS} where S =

Exercise. Check that VA € 0(2n+1,F), A = where d =

o /O
wllve] K=
Qe

_CT7 €= _bT7 CT = _Ca DT = _D; BT =—-F.

The dimension of a Lie algebra is its dimension as a vector space. In this
course all Lie algebras will be finite dimensional.
Consider gl(n, F') with n = 2.

a b

Ace g[(Q,F) = A= <C d) = aeq1 + beig + ceay + deos

dimgl(2, F) =4

[eij, €i5] = 0
le11,e22] =0 le12,e21] = e11 — a2
[611, 612] = €12 [622, e12] = —€12
[611, 621] = —€21 [622, 621] = €21
Now if 4= ( ) B= (bn b) then
a1 Ggo ba1 b2

[A,B] = [aj1€11 + -+ ,biiern + -+ -]
a11b11[€117 611] + a1lb12[€11, 612} + -

= (a11biz — aizbir)era + - -

So this is enough to determine the Lie bracket for all pairs of matrices.

To generalise this, let L be a Lie algebra with a basis (el, ..., e, ) and suppose
we know [ej,e;] = Y.i_ cliep for all i,j where ¢f; € F. Take A,B € L,
A= E?:l ae;, A= Z?:l b;e; with a;,b; € F'. Then [A, B} = [Z a;e;, Zbiei} =
> i< jlaibj —azbi)le;, e;]. So to determine [+, -] we only need to know (cfj)?jk:l,

which are called the structural constants of L.

Exercise. What are the restrictions on (cfj)?



II Homomorphisms, Subalgebras, Ideals

Definition II.1. Let L;, L, be Lie algebras over F', and let ¢: L1 — Ly be a
map such that

1. ¢ is linear

2. Yo,y € Ly, [¢(x), d(y)]L, = o([z,y]L,)

then ¢ is called a Lie algebras homomorphism. If additionally ¢ is a bijection
then we say ¢ is a Lie algebras isomorphism, and that L, and Ly are isomorphic
(written Ly 2 Ly).

Lemma I1.2. Let Ly, Lo be Lie algebras over the same field F'. Then the
following are equivalent:

[ ] ngLQ

e 1 bases Bi, By of Ly, Lo resp. such that the structural constants of L
w.r.t. By are equal to the structural constants of Lo w.r.t. Bs.

Proof. Exercise. |
Examples.

1. ¢: L — L, ¢(x) = x.
0.

2. ¢: L — L, ¢(x)

3. L1 = g[(n, F),
Ly = (F,0p«r) (F as an abelian Lie algebra over itself),
tr: gl(n, F) — F is linear and tr([A, B|L,) = tr(AB — BA) = 0 =
[tr A, tr B, so tr is a homomorphism.

4. Ly = gl(V), where dimp V = n,
Ly = g[(n7 F)7
fix a basis (eq,...,e,) and now for all linear T': V' — V there is a unique
matrix A representing T w.r.t. (e1,...,e,). Define ¢: gl(V) — gl(n, F)
by 6(T) = A.

¢ is a vector space isomorphism, and ¢([T1,T3]) = ¢(T10To —TooTy) =
A1Ay — A Ay = [Ay, As] = [9(Th),#(T2)]. Hence ¢ is a Lie algebras
isomorphism, and gl(V) 2 gl(n, F).

Definition II.3. Let K C L. If
1. K is a subspace of L, and
2. Va,y € K, [z,y] € K,
then K is a subalgebra of L.
Examples.
1. sl(n, F') is a subalgebra of gl(n, F).
2. b(n, F') is a subalgebra of gl(n, F).



3. u(n, F) is a subalgebra of gl(n, F).
u(n, F') is a subalgebra of sl(n, F).
u(n, F') is a subalgebra of b(n, F).

4. sp(n, F) is a subalgebra of gl(n, F).
sp(n, F) is a subalgebra of sl(n, F').

Definition II.4. Let I C L. If
1. I is a subspace of L, and
2.Veel, yelL,|z,yl €l
then I is an ideal of L.
Since [z,y] = —[y, ], there is no difference between left and right ideals for

Lie algebras.

General Examples of Ideals, Subalgebras, Homomorphisms

1. (a) L is a subalgebra and an ideal of L.
(b) {0} is a subalgebra and an ideal of L.
(¢) Let x € L, then (z) = Fx is an abelian subalgebra of L.
(d) Z(L)={z€ L|Vxz €L, [z,z] =0} is the center of L.

Z(L) is abelian and an ideal of L.
Exercise. Find Z(gl(2, F)), Z(sl(2, F)), Z(sp(2, F)) and Z(0(2, F)).
2. Let ¢: L1 — L5 be a Lie algebras homomorphism.

Lemma IL.5. im ¢ is a subalgebra of Lo, and ker ¢ is an ideal of L.

Proof. Exercise. u
Example. tr: gl(n, F) — F is surjective, ker tr = sl(n, F'), hence sl(n, F)
is an ideal of gl(n, F).

3. Let L be a Lie algebra over F', then L is a vector space over F', hence we
can consider gl(L). Define ad: L — gl(L) by ad(z)(y) = [z,y]. Then ad
is a Lie algebras homomorphism, and ker(ad) = Z(L).

More About Ideals

Definition II1.7. Let L be a Lie algebra over F' and let I, J be ideals of L.
Then:

I+J:={i+jliel, jeJ}
[, J]:=([i,j] i €1, j€J)

!
Z{Z%[ik,jk] |ew €F, iy €1, ji € J, ZEN}
k=1



Lemma I1.8. If L is a Lie algebra, and I, J are ideals, then the following are
also ideals:

1. InJ

2. I+J

3. [1,J]
Proof.

1. easy.

2. I+ J is a subspace of L. For z € L, y € I + J we have y = i + j for some
iel, jeJandso [z,y] =[x,i+j] =[z,i +[z,j] € [+ J.
3. [I, J] is a subspace of L by its definition as a span. Now Vz € L, y € [I, J],
der, . €F iy, i €1, 1, i € J sty = S cklin, dal-
Now [, y] = [, Yy culins nl| = oy eules i, il But vk, fo, fir, 5ul] =
=ik, [, x]] = [ix, [k, 2]] € [1, J] since [z, ix] € I and [ji, z] € J. u
Example. Let L be a Lie algebra, then [L, L] is an ideal of L.

Exercise. If L = gl(2, F'), what is [L, L]?
If L =sl(2, F), what is [L, L]?

Quotient Lie Algebras

Let V' be a vector space over F, let W be a subspace of V. A coset of W in V
with representative v € V' is

v+W={v+w|lweW}

Forv,oeV, o+ W =v+W <= v—v €W, and either v+ W =v+ W or
(v+W)N (W + W) =0. We can now define

V/W = {v+W |veV}

Ve + W,y +W € V/W define (x+W)® (y+ W) :=(z+y) + W.
Va € F,VYx+W € V/W define a- (z + W) := (az) + W.
This makes (V/W, @, ) a vector space over F.

Now let L be a Lie algebra over F, and I an ideal. We define as above
the quotient (vector) space L/I. Now we define [,-]: L/I x L/I — L/I by
[x+I,y+ 1] =[z,y]r+I. To check that this is well defined, let v1 +1 = v7 + 1,
vo+ I =0+ 1, ie vy —0v1 =11 €1, 09— 03 =1y €1. Now

[v1 + 1, v+ 1] = [v1, 0] + 1 = [01 +i1,02 +i2) + 1
= [17171}5] + [,[)vlaZQ] + [Zlaﬁé] + [ilaiQ] +I

el

= [v1,02) + 1
=[n+1Lv+1]+1



and so [-,-] is well-defined. Exercise: show that it is a Lie bracket. Thus
(L/I,®,-,[,]) is a Lie algebra over F.
Let L be a Lie algebra over F' and I an ideal. Define 7: L — L/I by
m(x) =x+ 1.
Ve,ye L, n(z+y)=@+y) +I=@+)®{y+I)=n()d7(y).
Vaoe F,Vex e L, m(ax) =(azx)+ [ =a-(z+ 1) = a-w(z).
.. 7 is linear.
Vo,y € L, w([z,y]) = [o,y] + I =[x+ Ly + 1] = [x(2), 7(y)].
. mis a Lie algebras homomorphism.

1st Isomorphism Theorem. Let ¢: L1 — Lo be a Lie algebras homomor-
phism, then:

1. im ¢ is a subalgebra of Lo
2. ker ¢ is an ideal of L
3. Li/ker ¢ 2im¢

Proof.

1. 2. Lemma IL5.

3. Let I =ker ¢, define f: Li/I — ¢(Lq) by f(z+ 1) = ¢(z).
To show this is well-defined, let x +1 =2 + I, ie. x —Z =i € I. Now

fle+1) = f@+1) = ¢(z) - ¢(7)
= ¢z =) = 6(i)
=0

. f is well-defined.
Ve+I,y+1Ie€Li/I,

fle+De+1)=Ffz+y) +1) = oz +y) = o(x) + oY)
=fle+D)+fly+1)

Vae F,Ve+ 1€ Ly/1,

fla-(z+ 1) = flax + 1) = ¢p(ax) = ag(z)
=af(z+1)

.. f is linear.
Ve+I,y+Ie€Li/I,

flz+Ly+ 1) = f([z, 9] + 1) = o([2,y]) = [6(2), d(y)]
=[fle+ 1), fly+1)]

.. f preserves the Lie bracket and so is a Lie algebras homomorphism.
Vz € ¢(Ly), Jv € Ly st z=¢(v) = f(v+1).

Vo+TeL/I, fo+I)=flv+1)=¢(v)=0=v+1=0+1.

.. [ is bijective, and hence a Lie algebras isomorphism. Hence L1/ ker ¢ =
im ¢. |



2nd Isomorphism Theorem. Let I and J be ideals of a Lie algebra L, then:
1. I+ J is an ideal of L
2. INJ is an ideal of L
3. (I+J)/J=I/(INnJ)

3rd Isomorphism Theorem. Let I and J be ideals of a Lie algebra L with
I C J, then:

1. J/I is an ideal of L/I
2. (L/I)/(J/I)=L/J

Correspondence Theorem. Let I be an ideal of a Lie algebra L, then there
is a bijection between the following sets:

o {J|J is an ideal of L with J D L}
o {K | K is an ideal of L/I}

Some Constructions

Let Ly, Ly be Lie algebras over F'. Then define:

Li® Ly :={(a1,a2) | a1 € L1, as € Ly} = L1 X Lo

V(ai,az), (b1,b2) € L1 @ Lo, (a1,a2) + (a1, a2) := (a1 + by, as + by)
Va € F, Y(a1,b1) € L1 @ Lo, alar,as2) := (aaq, aas)
Y(a1,az2),(b1,b2) € L1 ® Lo, [(a1,a2), (a1,a2)] := ([a1,b1], [az, ba])

With these operations, L; @ Lo is a Lie algebra over F.
Lemma I1.9. Let Ly, Ly be Lie algebras over F, then:
1. Z(L1 ® Lo) = Z(Ly) ® Z(Ls)
2. [L1 ® Ly, Ly ® Ly = [L1, L1] ® [La, Ly]
Proof. Exercise. n

Exercise. gl(2,C) = s1(2,C) & C.

——
- Z(gl(2,C)) = Z(s1(2,C)) @ Z(C)
- [al(2,C), gl(2,C)] = [s1(2, C), 51(2,C)] & [C, C]

——
0

An F-algebra is a vector space over F' with a bilinear operation (a,b) — a-b.
Let U be an F-algebra, then a map §: U — U is a derivation of U if:

1. ¢ is linear

2. Ya,be U, d(a-b)=a-4d(b)+d(a)-b.



Now consider Der(U) := {0 | ¢ is a derivation of U}.
Vo1, 0 € Der(U), 61 + d2: U — U is a derivation since it is linear and

(61 + 02)(a-b) = d1(a-b) + da(a-b) = a- 61(b) + b1(a) - b+ a- 55(b) + b2(a) - b
=a- (61 + 62)(b)) + (61 + 62)(a)) - b

Va € F, ¥ € Der(U), ad: U — U is a derivation since it is linear and

(ad)(a-b) =a(é(a-b)) =ala-§b)+da)-b)
= a-ad(b) +ad(a) - b
So Der(U) with these operations is a vector space over F.

V41,02 € Der(U) define [§1, 2] := 8§ 0 g — d2 0 &3
[01, 02] is linear, is it a derivation? Let a,b € U, then:

[01,02](a - b) = 61(d2(a - b)) — 02(d1(a - b))
= d1(a - d2(b) + da(a) - b) — da(a - 01(b) + d1(a) - b)
[a - 61(62(b)) + d1(a) - 62(b) + d2(a) - 01(b) + 01(d2(a)) - b]
— [a - 62(31(b)) + d2(a) - 61(b) + d1(a) - 62(b) + 02(d1(a)) - V]
a-[01(02(b)) — 62(61(b))] + [01(d2(a)) — d2(61(a))] - b
a-[01,62)(b) + [61,2](a) - b

Hence [01,02] € Der(U). Additionally [-, -] is a Lie bracket since it is a restriction
of the Lie bracket of gl(U), and so (Der(U),[-,]) is a Lie algebra over F, and
also a subalgebra of gl(U).

If L is a Lie algebra over F, then L is, in fact, an F-algebra! Thus we
can consider Der(L) = {§: L — L | § is linear, §([a,b]) = [a,d(b)] + [0(a),b]}
which is a Lie subalgebra of gl(L). Given x € L, we define ad(z): L — L by
ad(z)(y) = [z,y]. ad(z) is linear and Va,b € L:

ad(z)([a, bD [z, [a, b]]
[bv [mva]] - [CL, [bv x”
= [[x’a]’b} + [a, [z, b]]
= [ad(z)(a),b] + [ad(z)(b)]
and so ad(z) € Der(L). Now ad: L — ad(L) C Der(L) C gl(L) is called

the adjoint homomorphism, elements of ad(L) are called inner derivations and
elements of Der(L) \ ad(L) are called outer derivations.



III Solvable Lie Algebras

Lemma II1.1. Let L be a Lie algebra, and I be an ideal of L. Then L/I is
abelian off I O [L, L].

Proof.

L/Iis abelian <= Ve +I,y+ I L/I, x+I1,y+1]=1
<~ Va,ye L, [x,y] €l
e [L,I)C1 n

Corollary II1.2. L/[L, L] is abelian, and [L, L] is the smallest ideal giving an
abelian quotient.

Definition ITI.3. Let L be a Lie algebra over F. A derived series of L is
LO LM 13 where:
LO:=1

LD . [L(k),L(k)}

Remark: L(® D LM > L) > ... and each L is an ideal of L, since the
bracket of two ideals is an ideal.

Definition ITI.4. L is solvable if 3n € N s.t. L™ = {0}
Examples.
1. If L is abelian then L") = [L, L] = {0} and therefore L is solvable.

2. L="5(2,C) = (e11, €12, €22)c
hence LY = [L, L] = ([e11, e12], [e11, e22], [e12, €22])c = (e12)c = u(2,C)
hence L(?) = {0} and so b(2,C) is solvable. Exercise: b(n,C) is solvable.

3. L=sl(2C): LW =[L,L] =L, L® = LM = L) = ... and so sl(2,C) is
not solvable. Exercise: sl(n,C) is not solvable.

Lemma IIL.6. Let ¢: L1 — Lo be a surjective Lie algebras homomorphism.
Then ¢(L{") = LY.

Proof. ¢(Ly") = LY
Now suppose (;S(Lgk)) = Lgk)7 then:

o) = o(111", L) = [0(L1), o(13)] = (287, L)
)
The result follows by induction. |
Proposition II1.7. Let L be a Lie algebra, then:
1. If L is solvable, then so is every subalgebra of L.
2. If L is solvable, then so is every homomorphic image of L.

3. If I is an ideal of L and both I and L/I are solvable, then so is L.

10



4. If I and J are solvable ideals, then so is I + J.
Proof.

1. L is solvable, M is a subalgebra of L. Vi € N, M® C L(®  Hence
L = {0} = M™ = {0}.

2. Let ¢: L — L be a Lie algebras homomorphism. By IIL.6, Vi € N,
HLO) = (B(L)O. Hence LW = {0} = (4(L)™ = G(L0) =
¢({0}) = {0}.

3. L is a Lie algebra, I is an ideal, I and L/I are solvable.
Consider 7: L — L/I
(LD +1)/1 = 7(LD) = (x(1))? = (L/1)"
Since L/I is solvable, 3m € N s.t.:

(L/ D)™ ={0p,;} =1/1
I = (L") +1)/1
S I=L" 47
LM T

Since [ is solvable, In € N s.t.:
1™ = {0}
(L)) 1) = {0}
. [(min) — (L(m))(n) = {0}

Therefore L is solvable.

4. 1,J are solvable ideals of L, so I+ J is an ideal of L and (I+J)/I = J/(IN
J) by the 2nd Isomorphism theorem. J is solvable so by 2., J/(INJ) =
7(J) is solvable. Thus (I 4+ J)/I is solvable, and I is solvable. Therefore
by 3., I + J is solvable. ]

Let L be a Lie algebra. Consider a = {I | I is a solvable ideal of L} and
choose R € a of maximal dimension. Now VI € a, R+ I is a solvable ideal,
hence R+ € a. But nowdim R+ < dimR < dim R+ I since RC R+ 1 and
R has maximal dimension. Thus R+ I = R and hence I C R. So there exists
a unique solvable ideal containing every other solvable ideal of L. We call this
the radical ideal of L and denote it Rad(L).

Definition IIT.8. A Lie algebra L is called semisimple if Rad(L) = {0}.
Examples.

1. L =b(2,C) is not semisimple since Rad(L) = L.

2. L =5l(2,C) is semisimple (excercise).

3. L = gl(2,C) = sl(2,C) & C, hence Rad(L) = {0} @ C, hence L is not

semisimple

11



Lemma II1.9. If L is a Lie algebra, then L/ Rad(L) is semisimple.

Proof. Let L = L/Rad(L). Let K be a solvable ideal of L. By the Correspon-
dence Theorem there is an ideal J of L s.t. J D Rad(L) and J/Rad(L) = K.
Since J/Rad(L) = K is solvable and Rad(L) is solvable:

J is solvable, hence J = Rad(L).

.. K =Rad(L)/Rad(L) = {0}

~.Rad(L) = {0}

.. L/Rad(L) is semisimple. [ |

12



IV Nilpotent Lie Algebras

Definition IV.1. Let L be a Lie algebra. A central series of Lis L°, L', L2, ...
where:
=17

LA+ = (L, L]
Remark: L0 D L' D L2 D ..., and each L? is an ideal of L.

Definition IV.2. L is nilpotent if 3m € N s.t. L™ = {0}.

[L/LR+Y, LF /LR = ([L, LF] + LY /LAY = (LR 4 LR+ o1 = £}
So LF/Lk*+Y C Z(L/LFY).
Examples.

1. L=sl(2,C), [L,L] = L soVn € N, L™ = L, hence L is not nilpotent.

2. L= b(Q,C) = <€11, €12, 622>
Ll == U(Q,C) = <612>
L? = [L,L'] = ([e11, e12], [e12, e12], [e22, €12])
L2 = <612> = Ll
Similarly LF = L' for all k£ > 1 and so L is not nilpotent.

3. L =u(2,C) = eg9, L' = {0} so L is nilpotent.

3. L =u(3,C) is the Heisenberg Lie algebra, L = (e12, 13, €23)c.
L' = ([e12, e13], [e12, €a3], [e13, e23])c = (e13)c.
——— —— ——

=0 =e13 =0

L? = [L,L'] = ([e12, e13], [e13, e13), [e23, €13]) = {0}
So L is nilpotent.

4. If L is abelian then L is nilpotent since L' = [L, L] = {0}.
Lemma IV.3. If L is nilpotent then L is solvable.

Proof. Show by induction that L™ C L™: L0 = L = L(®,

Assume L*¥) C L* then L*++1) = [L(®) ()] C [L, L] C [L, L*] = LF+1.
Thus L is nilpotent = In € Ns.t. L" = {0} = In € Ns.t. LW = {0} = L is
solvable. |

Proposition IV.4. Let L be a Lie algebra over F. Then:
1. If L s nilpotent, then so is every subalgebra of F'.
2. If L # {0} is nilpotent, then Z(L) # {0}.
3. If L/Z(L) is nilpotent, then so is L.

Proof.

1. If M is a subalgebra of L, then M* C L, hence L™ = {0} = M" = {0}.

13



2. Z(L)={x € L |Vy € L, [x,y] = 0}. If L is nilpotent then In € N s.t.
L™ = {0} # L™ \. But L C Z(L) since [L, L"] = L™+ = {0}.

3. If L = L/Z(L) is nilpotent, then 3n € N s.t. L™ = {0;} = Z(L)/Z(L).
But L" = [L,L"" Y = [L/Z(L),(L""' + Z(L))/Z(L)] = ([L,L"1] +
Z(L))/Z(L). Thus [L,L" ) C Z(L) and so L"** C [Z,Z(L)] = {0}. W

Let L be a nilpotent Lie algebra, then there is an integer n € N such that
L™ ={0}.
We then have {0} = [L,L" '] = [L,[L,L""?]] = [L,[L,...[L,L]...]], and hence
for all z and y in L, [z, [z,...[x,y]...]] =0, so that ad(z) ad(x) - - -ad(z)(y) = 0
and ad(x)™(y) = 0 for all z,y € L. Therefore ad(x)", considered as a linear
map L — L, is just the zero map.

Definition IV.5. If L is a Lie algebra and x € L, then z is ad-nilpotent if
and only if there exist an integer i, € N such that ad(z)* = 0 as a linear map
L — L.

Theorem. If L is a nilpotent Lie algebra, then all x € L are ad-nilpotent.
The converse will take some time to prove, but is stated here as a goal:

Engel’s Theorem. Let L be a Lie algebra such that x is ad-nilpotent for all
x € L. Then L is nilpotent.

Definition IV.6. z: V — V is a nilpotent linear map if and only if there is an
integer i € N such that 2° is the 0 map 0: V — V.

Lemma IV.7. Ifx € L C gl(V) is nilpotent (x: V — V), then x is ad-nilpotent
(ad(z): L — L).

Proof. For all y € L, we have that ad(z)(y) = [z,y] = x oy — y o &, and then
ad(2)?(y) =[x, [2,9]] = [v,z0y —yox] = 2?0y —2r0yox+yoz? In general,
we have the following formula:

ad(z)"(y) = Zk:(—l)ki (f) oyoghi

If z is nilpotent, then 2/ = 0 for some j, so that if we choose k > 2j, the above
formula is always zero. This proves the lemma. |

Let V be a vector space over F' of dimension n, and A: V — V be a linear
map. v € V' \ {0} is an eigenvector of A if and only if there exists A € F such
that A(v) = Av.

Now, consider L C gl(V') and a subalgebra M of L. v is a common eigenvector
for all elements of M if and only if VA € M, 3X4 € F such that A(v) = Agv.
This gives us a function A: M — F, given by A\: A — A4.

Then v € V' \ {0} is an eigenvector for M is equivalent to the existence of a
function \: M — F such that A(v) = A(A)v for all A € M. Let us look at all
eigenvectors for M with given function \.

Set Vi ={weV:Aw)=XAwVAe M} >v

Question. What can we say about V)7
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1. V\ # {0} as v € V).
2. For all wy,ws € V), for all a1, a0 € F and for all A € M, we have that
A(aywy + asws) = a1 A(wy) + as(ws) = A(A)agwy + A(A)asws

so that V), is a (nontrivial) subspace of V.

On the other hand, we can look at (y1 A1 + 1242)(v) = 7141 (v) + 12 A2(v),
which is clearly equal to y1 A(A1)v+y2A(A2)v. But v1 A1 +72 A5 is an element of
M, so that (y1 A1 +7242)(w) = A(y1 A1+72A2)w and hence 1 A (A1)+72A(A2) =
A(71A1 + 12 As3), therefore A is linear.

Definition IV.8. Let M be a subalgebra of gl(V). A weight of M is a linear
map A\: M — F such that {0} # V), = {A(w) = M(A)w VA € M}. Vyis a
subspace of V.

In this case V), is a weight subspace associated to the weight .

Remark. If \ is a weight of M then V) # {0} implies that there exists an
eigenvector for M.

Example. L =b(2,C) = (e11, a2, e12)c C gl(2,C).

Then take v = ( ) we get the following:

= ) -() -
-3 ) ()
=3 () -

So define A: 6(2,C) — C by A(e11) = 1, Ae12) = A(eg2) = 0 and extend by
linearity.

1
0 )

Exercise. Calculate V).

Lemma IV.9. Let I C L = gl(V) be an ideal and W = {w € V : A(w) =
0VA € I}. If W # {0} then W = Vj is the weight subspace associated to
A =0 and Vy is L-invariant (a space W C V is L-invariant if for all x € L,
weW=z(w)eW).

Lemma IV.10. Let L be a Lie subalgebra of gl(V') where V is a vector space
over F' of characteristic 0. Let I be an ideal of L and \ a weight of I. Then V),
ts L-invariant.

Proof. I'isanideal of L C gl(V), A: I — Fislinear and V), = {w € V : A(w) =
AMA)w VA € T}.

We want to show V) is L-invariant, but this is true if and only if for all z € L
and for all w € V), we have that z(w) € V), which is equivalent to showing that
A(z(w)) = MA)x(w) forall z € L, all w € Vy and all A € I.
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Note that, taking x € L C gl(V) and A € I, we have that [z, 4] = zA — Ax.
Now, for all w € V) we have:
Az, Aw = [z, A](w)

rA(w) — Ac(u)
z(Aa)w) — Az, w)
so that A(z(w)) = A(A)zx(w) — A([z, A])w. It remains to show that A([z, A]) =0
for all z € L and all A € I.
For all x € L and all w € Vy, consider W = (w,z(w),z?(w),...). Since
dimp(V) < oo, we have that dimp(W) < oo, say dimp(W) = m, and then
w, z(w),. .., 2™ 1 (w) is a basis of W.
Now for all y € I, y(w) = A(y)w € W, and we then have

y(z(w)) = y(z(w))
= ([y, 2] + zy)
= [y, z](w) +
= Ay, 7]
= [y, 7]

(w)
z(y(w))
Jw + z(A(y)w)
Jw + Ay)z(w)
which is in W. Also

y(@*(w)) = ya(a(w

)
=(zy+y
)
)

s al) (2 (w))
) + [y, x)(x(w))
) + [y, 2] (z(w))

which is in W. Moreover, y(z%(w)) is a linear combination of w, x(w) and
2?(w). In general, for all i < m — 1 and all y € I, then y(z*(w)) € W and
y(xi(w)) is a linear combination of w, z(w), ..., 2*(w). And the coefficient of
x*(w) in this linear combination is \(y) (Exercise).

So we see that for all y € I and for all v € W, y(v) isin W, soy: W — W is
linear with fixed basis w, x(w), ..., 2*(w). So we can construct a matrix of y
with respect to the given basis:

= zy(z(w
= z(yx(w

Ay) Ay, ]) *
0 Ay) *
[y|W]w,x(w),..‘7wm_1(w) = . .
0 0 AMy)

which is upper triangular. Now take z = [z, A] € I (where A € I), then
z: W — W and

[Z|W}w,w(w),...7:v’"—1(w) = .

0 - A

so that tr([z|w]) = dimp(W)A(z) = mA(2). But z = [z, A] = A — Az € gl(V);
and since A: W — W, z: W — W, we get that z|lyw = (24 — Ax)|lw =

z|lw o Alw — A|lw o z|w. Hence tr(z|w) = 0, and so since m # 0, we must have
A(z) = 0 and so we are done! [ |
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Proposition IV.11. Let L be a Lie subalgebra of gl(V') such that for all x € L,
x: V. — V is a nilpotent linear map. Then there exists v € V \ {0} such that
x(v) =0 for allz € L.

Proof. We proceed by induction on dimg(L). When dimp(L) = 1, then L = (y)
for some linear map y: V — V. Since y € L, y is nilpotent so for some n € N,
y" = 0 and y" ' # 0 (n # 0 as L is 1-dimensional). Let v = y"~(w).
Then y(v) = 0, but for all x € L = (y), * = ay for some a € F, hence
z(v) = ay(v) =a0 =0.

Now we suppose that the proposition is true for all K C gl(V) with dimp(K) <
Let M be a maximal proper nontrivial subalgebra of L. Construct a map
¢: M — gl(L/M) such that for allm € M, forally+M € L/M, ¢(m)(y+M) =
[m,y] + M. Now is ¢(m) € gl(L/M)? For y1 + M,y2 + M € L/M:

o(m)((yr + M) + (y2 + M)) = d(m)((y1 + y2) + M) = [m,y1 + y2] + M
= ([m, 1] + [m, v2]) + M
= ([m, 1] + M) + ([m, y2] + M)
= ¢(m)(y1 + M) + ¢(m)(y2 + M)
Forae F,y+ M € L/M: ¢(m)(a(y + M)) = ap(m)(y + M) (exercise).
So ¢(m) is linear and hence in gl(L/M).
Careful: y+ M =35+ M = ¢(m)(y+ M) = ¢(m)(y + M) (i.e. p(m) is well-

defined) (exercise).
What kind of map is ¢? For my,me € M, for all y+ M € L/M:

¢(m1, ma)(y + M) = [m1 +ma,yl + M = ([ma, y] + [m2, y]) + M
= ([ma, 9l + M) + ([ma, y] + M)
= ¢(ma)(y + M) + ¢(ma)(y + M)
Fora € F, me M, forall y + M € L/M, ¢(am)(y + M) = [am,y] + M =

afm,yl + M = ag(m)(y + M).
Hence ¢ is linear. Now for all my,ms € M, and all y+ M € L/M:

[¢(ma), d(m2)](y + M) = ((¢(m1) 0 ¢(my2)) — (d(m2) 0 $(m1)))(y + M)

= ([mla [m27y]] - [m27 [mla y”) + M

= ([ma, [ma, Y]] + [m2, [y, ma]]) + M

= _[:% [mlamQ]] +M = [[mlamQ]ay]) +M

= ¢([ma, ma])(y + M)

Hence ¢: M — gl(L/M) is a Lie algebras homomorphism. For all m € M C L,
m: V — V is nilpotent, and hence m is ad-nilpotent. Thus there exists k,, € N
such that ad(m)¥» = 0: L — L. Now ¢(m)*m : y+M — [m, [m,---[m,y]]--- ]+
M = ad(m)*(y) + M = M. So for all m € M, ¢(m) is nilpotent. Now let’s
look at ¢(M):

e (M) is a subalgebra of gl(L/M)
o Vop(m) € ¢(M), ¢(m) is nilpotent
e dim¢p(M) < dimM < dim L

17



So by the induction hypothesis there exists zo+M € L/M\ {0} such that for all
¢(m) € (M), ¢(m)(xo+ M) = 0r,/ps. Hence there exists g + M € L/M \ {0}
such that for all m € M, [m,xo] € M.

Consider Ly := M & (xq) C L. For all x € Ly there exists m, € M and o, € F
such that x = m, + a,xo. For all ,T € Ly, [z, Z] = [my + a0, My + az20] €
M C Ly, so Ly is a subalgebra of L.

However since Ly D M, by the maximality of M we must have Ly = L. Notice
that for all m € M and = € L, [m,z] = [m,m, + azx9] € M so M is an ideal
of L. dimM =dimL — 1 < dim L, M € L C gi(V).

So by induction applied to M, there exists z € V'\ {0} such that for all m € M,
m(w) = 0. Thus W := {v € V | m(v) = 0 ¥Ym € M} # {0}. Hence M has
a weight A = 0 with weight space W = V4. So by IV.9, V| is L-invariant; in
particular xq: Vo — V4. But 2 € L so xq is nilpotent and so there exists g € N
such that 2§ =0: V — V, hence (zo|v,)? = 0: Vo — V.

(xolvy) C gl(V), where xgly, is nilpotent and dim(zg) = 1. Thus there exists
wo € Vo \ {0} such that xo(wp) = 0.

Now for all z € L, = my + a,xo and so z(wg) = my(wo) + azzo(w) =0. W

Engel’s Theorem for Subalgebras of gl(V). Let L be a Lie subalgebra of
gl(V), with V a finite dimensional vector space over F. Suppose that for all
x € L, x: V — V is nilpotent. Then there exists a basis of V' such that, with
respect to the basis, all matrices of elements of L are strictly upper triangular;
i particular, L is nilpotent.

Proof. Suppose we have found a basis B of V' such that for all x € L, [z]p =
0 ---

: . |. Letting n = dimp V, we find that ¢: gl(V)) — gl(n, F) defined
0 --- 0

by ¢(T') = [T]p is a Lie algebras isomorphism. We now have ¢|,: L — u(n, F).

u(n, F') is nilpotent, hence so are ¢~ (u(n, F)) and L C ¢~ (u(n, F)).

We now have to show that we can find such a basis; we proceed by induction

on dim V. Suppose dimV =1, then L C gl(V) 2 gl(1,F) 2 F. For all z € L,

x:V — V is nilpotent. L is a subalgebra of gl(V'), hence L = {0} or L = gl(V)

but Idy ¢ L since Idy is not nilpotent. Hence L = {0} and there is nothing to

prove.

If dimpV > 1, then by IV.11 there exists v € V' \ {0} such that Vz € L,

x(v) = 0. Consider U = (v) < V, Vo € L we may define z: V/U — V/U such

that for all u+U € V/U, Z(u+U) = x(u) + U. We now have a correspondence

¢:x— T, ¢: L — gl(V/U). (Have to check Z: V/U — V/U is linear, and that ¢

is well-defined.) In fact ¢ is a homomorphism (exercise). Then ¢(L) C gl(V/U)

and VZ € ¢(L), T is nilpotent (exercise).

But dimp V/U < dimg V so by induction there is a basis v1 + U, ...,v,—1 + U
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of V/U such that with respect to this basis [Z] is strictly upper triangular:
.’i‘(’l)] +U) :OV/U =U

(v2 +U) = a?v, + U

(v3 +U) = ajvy +ajvy +U

8l

x S
x(vg) €
x S

8l

x(Vp—1) € Z(vp—1 +U) = C%Z:%Un_z 44 a?71v1 +U

Now we have to go back to V. vg = v,v1,v9,...,v,-1 is a basis for V (exercise)
and we have:

z(vg) =z(v) =0
x(v1) = aévo
x(ve) = a%vl + agvo

2(Up—1) = azfévn,g 4+ 048711)0
Hence
0 of g™t
0 0 !
["'E]UO,Hw'Unfl = .
0 0 0
which is strictly upper triangular. |

Engel’s Theorem. If L is a Lie algebra such that Vx € L, x is ad-nilpotent,
then L is a nilpotent Lie algebra.

Proof. Consider ad: L — gl(V) and look at ad(L). Since Vx € L, x is ad-
nilpotent, we have Vz € ad(L), z: L — L is nilpotent, and ad(L) C gl(L). Thus
by Engel’s Theorem for subalgebras of gl(V'), ad(L) is a nilpotent Lie algebra.
By the 1st Isomorphism Theorem ad(L) = L/ker(ad) = L/Z(L). Hence by
IV.4, L is nilpotent. u

Proposition IV.12. Let V be a vector space over C, dim¢c V' < co. Let L be a
solvable Lie subalgebra of gi(V'). Then there exists v € V' \ {0} such that v is a
common eigenvector for all elements of L.

Proof. We use induction on dim¢ L. If dimg L = 1 then L = (y)¢ for some
y: V — V. Since C is algebraically closed, y has an eigenvector v € V'\ {0} and
corresponding eigenvalue A € C. Hence Vz € L, x = ay (some « € C) and so
z(v) = ay(v) = ().

Now if dime L > 1, L is solvable and so L D [L, L], look at L = L/[L, L] which
is an abelian Lie algebra over C. Since dim¢ L > dim¢[L, L], dimc L > 1. Hence
we can find a subspace M C L of codimension 1. Since L is abelian, M is an
ideal of L. By the Correspondence Theorem there is an ideal M of L such that
L > M D|[L,L] with dim¢ M = dim¢ L — 1 as L/M = (L/[L,L])/(M/[L, L])
(by the 3rd Isomorphism Theorem).

19



We have M C L C gl(V), M is solvable by III.7 and dim¢ M < dim¢ L so
by induction there exists v € V' \ {0} such that Vm € M, IA(m) € C with
m(v) = A(m)v. But M is an ideal of L and we found a common eigenvector
for all elements of M. Therefore there is a weight A of M and a corresponding
weight space V 3 v which is L-invariant by IV.10. Since L D M take z € L\ M
and look at M @ (z) C L. But dim¢ M + dim¢(z) = dimc L so M & (z) = L.
Now z: V\ — V), has an eigenvector w € V) \ {0} with eigenvalue o, € C since
C is algebraically closed.

Now for all x € L there exists m, € M and a, € C such that x = m, + a,z.
Hence z(w) = mg(w) + azz(w) = AM(mg)w + azo,w = (A(my) + aza,)w. So w
is a common eigenvector for all elements of L. |

Lie’s Theorem. Let V be a vector space over C, dimcV = n. Let L be a
solvable subalgebra of gl(V'), then there exists a basis B of V' such that for all
xz €L, [x]g € b(n,C) (i.e. [x]p is upper triangular).

Proof. We proceed by induction on dim(V'). The case dim(V') = 1 is left as an
exercise.

By the previous proposition, there exists a vg € V' \ {0} and a A: L — C such
that for all z € L, z(vg) = A(x)vo.

Take U = (vp) C V. For all x € L and for all u € V, we have that z(u + vy) =
z(u) + z(vg) € X(u) +U.

This allows us again to define ¢: @ — T where Z is the map V/U — V/U given
by 2(u+U) = z(u) + U.

Just as before, ¢: L — gl(V/U) is a Lie algebras homomorphism (exercise).
¢(L) C gl(V/U) and L is solvable, so ¢(L) is solvable by Proposition III.7.

As dim(V/U) < dim(V'), we can proceed by induction; there is a basis vy + U,
vo+U, ..., vp—1 + U of V/U such that for all Z € ¢(L) we can write

* % *
@=|.
0 0 *

so, expanding, we have

Z(vy +0) za%vl—FU
Z(va+U) = agvg —|—a%vl +U

Z(Vpo1 +U) = aZjvn,l + -+ 04{“11)1 +U

As for Engel’s Theorem, it is easy to see that vg,v1,...,v,_1 is a basis of V
(exercise). We then have

z(vo) = M2)vo = auo

x(vy) = a%vl + oz(l]vo

n—1 n—1
T(Vp—1) = Q@ _{Un—1+ -+ 0 0o
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and we can write

al o ozg_l

0 of !
[:C}1107711»---7Un,71 = . . . . S b(n,(C)

0 0 a1

Corollary 1. Let L be a solvable subalgebra of gl(V'), where V' is a vector space
over C of finite dimension. Then for all x € [L, L], x: V — V is nilpotent.

Proof. L C gl(V') so there exists a basis of V' under which we can consider that

L C b(n,C).
But [b(n, C), b(n,C)] = u(n,C) so that [L, L] C u(n,C). But u(n, C) is nilpotent
and hence so is [L, L]. [ |

Corollary 2. Let L be a Lie algebra over C. Then
L is solvable <= [L, L] is nilpotent

Proof.

< [L, L] is nilpotent implies that [L, L] is solvable.
On the other hand, L/[L, L] is abelian and hence solvable. Therefore by
Proposition IT1.7, L is solvable.

= L issolvable implies that ad(L) C gl(L) is solvable (Proposition II.7). But
for all z € [ad(L),ad(L)] = ad[L, L] C gl(V'), z is nilpotent by Corollary
1. Hence ady([L, L]) is nilpotent.
By the First Isomorphism Theorem, we have that

(L, L]/ (Z(L) N [L, L]) = ad([L, L))

But adp([L, L)) and (Z(L)N[L,L]) C Z(L) are nilpotent, hence [L, L] is
nilpotent. |
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V  Miscellaneous Topics

Definition V.1. Let L be a Lie algebra over F'. A representation of L is a Lie
algebras homomorphism
¢: L — gl(V)

where V is a vector space over F' of finite dimension.
If ker(¢) = {0}, then ¢ is called a faithful representation.

Examples.

1. L C gl(V). Then the incusion i: L — gl(V) is a faithful representation of
L.

2. The trivial representation: 0: L — gl(V) is defined by 0(z) = 0 as a map
V-V forall z € L.

3. The adjoint representation: ad: L — gl(L).

3a. An example of the adjoint representation, take L = sl(2,C), ad: L —
gl(L).
Write L = <612 ,€11 — €22, €21 >(c.
—

e h f
Then ad(e)(e) = [e,e] =0, ad(e)(h) = [e, h] = —2e, ad(e)(f) = [e, f] = h,
so we can write the matrix of ad(e) in the basis e, h, f:

0 -2 0
ad(@))eny= {0 0 1
0 0 O
Exercise: do the same for ad(h) and ad(f).
Definition V.2. Let L be a Lie algebra over F. A Lie module of L (or an L-
module) is a vector space V over F' of finite dimension equipped with an action
L xV — V, written (z,v) — zv, that satisfies

(alxl + OégfI?Q)U = al(xlv) + Otg(xgv)
z(frv1 + Povz) = Bi(wv1) + Ba(zv2)
[z, y]v = 2(yv) — y(av)
for all x1,x9, 2,y € L, all v,v1,v9 € V and all ay, g, 51,02 € F.

Example. Take L C gl(V'). Then V is an L-module if we define zv = z(v).

Lemma V.3. Definition V.1 is equivalent to Definition V.2.

That is, if ¢ is a representation of L, ¢: L — gl(V'), then V is an L-module
under the action zv = ¢(x)(v).

And if V is an L-module, then we get a representation ¢: L — gl(V') by defining
¢(z)(v) = zv.

Proof. Exercise. u
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VI The Killing Form

Let V' be a vector space over C with dim¢ V' < oo, : V' — V be linear. From
Algebra I there is a basis B of V' such that

/Pl 0 )\i 1 0

Py .

[z]p = _ where P, = 0 A
0 1
By 0 A

o 0 0 1 0

Q2 0 0
(] = +
0
0 (67} 0 0
D N

So there are linear maps d: V. — V, n: V. — V such that [d]g = D, [n]p = N
and hence r = d + n, where d is diagonalisable and n is nilpotent. We also see
that don = nod since DN = ND. Under these conditions, z = d+n is called a
Jordan decomposition of x. d is called the semisimple part, and n the nilpotent
part. If x = d is diagonalisable then we will say that x is semisimple.

The next lemma is from algebra and will not be proved here.

Lemma VI.1. Let d: V — V be a diagonalisable linear map s.t. x: V — V
has Jordan decompostion x = d + n. Then:

1. There is a polynomial p(t) € C[t] such that p(xz) =d

2. If B is a basis of V such that [d]p = D which is diagonal, then there is a
polynomial q(t) € C[t] such that q(x) = d where [d]g = D.

Lemma VI1.2. Let x € gl(V), where V is a vector space over C, dimc V < co.
Suppose x has a Jordan decompostion x = d +n. Consider ad(x) € gl(gl(V)),
ad(x) has Jordan decomposition ad(z) = ad(d) + ad(n).

Proof. For all y € gl(V), ad(z)(y) = [z,y] = [d+ n,y] = [d,y] + [n,y]
ad(d)(y) + ad(n)(y). Thus ad(x) = ad(d) + ad(n).
n: V — V is nilpotent = n is ad-nilpotent = ad(n) is nilpotent.

(05} 0
We can choose a basis B of V such that [d]p = . Now gl(V) =
0 an,
gl(n,C). Hence we can consider ad(d): gl(n,C) — gl(n,C). Look at {e;;}}';_;.
ad(d)(ei;) = [d,e;5] = de;j — e;jd = (a; — aj)e;;. So e;5 is an eigenvector of
ad(d) and so {e;;}7';_, is a basis of eigenvectors of ad(d). Therefore ad(d) is
diagonalisable.
It remains to show that ad(d) and ad(n) commute. But ad(d) o ad(n) — ad(n) o
ad(d) = [ad(d), ad(n)] = ad([d, n]) = ad(0) = 0. ]

Proposition VI.3. Let V be a vector space over C, dimcV < 0o. Let L be a
Lie subalgebra of gi(V'). If for all x € L, y € [L, L], tr(z oy) = 0, then L is
solvable.
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Proof. Let’s show that for all = € [L, L], x is nilpotent. Then by Engel’s Theo-
rem, [L, L] will be nilpotent and so L will be solvable.

Let x € [L,L] € L C gl(V). z has Jordan decomposition z = d + n, now
x is nilpotent iff d = 0. Choose a basis B such that [z]p is in JCF, hence

[o %1 0
[dlp = . Sod =0 < |a1|2+|a2|2+...+|an|2:0 —
0 Qp
aq 0 a1
S aia; = 0. Also tr(doz) = tr([d]g[z]s) = tr
0 Cip, 0 Qp

Dlioy i _
We now have x is nilpotent iff tr(d o ) = 0. Since x € [L, L], there exist
Yls--oYks 21, - -5 2k € L such that x = [y1,21] + -+ + [yk, 2x]. We are looking

at tr(do2) = tr(do X2, [ys, 2]) = (S, dofys, 5]) = S0y tr(do s, z1). TF
we can show that tr(d o [y, z]) = 0 for all y, z € L then we are done.

Important equality: tr(A o [B,C]) = tr([A,B] o C) for all A,B,C € gl(V).
(Check!)

Thus tr(do[y, 2]) = tr([d, y]oz). If we can show that [d,y] € L then tr([d,y]) =0
and we are done. [d,y] = ad(d)(y) € L for all y € L iff ad(d): L — L. Since
x = d+ n is a Jordan decomposition, ad(x) = ad(d) + ad(n) is a Jordan de-
composition. Thus part 2. of VI.1 gives a polynomial ¢(t) € C[t] such that

q(ad(z)) = ad(d) = ad(d). Hence ad(d)(y) = q(ad(z)(y)) € L. |

Corollary VI.4. Let L be a Lie algebra over C, then L is solvable iff for all
x €L and y € [L, L], tr(ad(z) o ad(y)) = 0.

Proof.

< The propostion tells us that ad(L) C gl(L) is solvable. But then by the
1st Isomorphism Theorem, ad(L) = L/Z(L) and so L is also solvable.

= Since L is solvable, so is ad(L) which is a subalgebra of gl(L). Hence (by

Lie’s Theorem) there is a basis B of L such that for all z € L, [ad(x)]p €

b(n,C). Hence for all z,y € L, [ad([z, y])] s € u(n,C). This gives for x € L

and y € [L, L], tr(ad(z) 0 ad(y)) = tr([ad(z)] g [ad(y)]p) = tr( _x_ ) =0.
S—— ~

€b(n,C)  €u(n,C) €u(n,C)

Definition VI.5. Let L ba a Lie algebra over C. The Killing form on L is
k: L x L — C defined by k(z,y) = tr(ad(z) o ad(y)) for all z,y € L.

k is bilinear since tr and ad are linear. k is symmetric since tr(AB) = tr(BA).
Also k([z,y], z) = k(z, [y, 2]) (check this), called the associativity of k. We can
now restate VI.4 as:

Cartan’s 1st Criterion. Let L be a Lie algebra over C, then L is solvable iff
k(z,y) =0 for allz € L and y € [L, L].
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Review of Bilinear Forms

Let V be a vector space over C, dim¢ V' < co. Let #: V xV — C be a symmetric
bilinear form. For any subspace A C V define A+ := {v € V| B(v,w) = 0 Vw €
A}.

Definition. 3 is non-degenerate if V- = {0}.
Definition. V* :={a: V — C | « is linear} is the dual to V.
dimV* =dim V.
Lemma VI.6. If 8 is non-degenerate, and W is a subspace of V', then dim W +
dim W+ =dimV.

Proof. Consider f: V — V* defined by f(v)(w) = B(v,w) for all v,w € V.
Exercise: check f: V — V* (i.e. f(v) is linear); now check that f is linear. Now
kerf={veV|f(v)=0y}={veV|puw)=0VweV}

— V= (o)
since (8 is non-degenerate. Therefore f is injective and hence an isomorphism.
Consider r: V* — V* defined by r(a) = a|w. r is linear and surjective. Let
w1, ..., w; be a basis of W, and extend it to a basis w1, ..., Wk, Vg+1, ..., Uy Of
V. For all a € X* by MA106 there is a unique linear map &: V. — C with
a(w;) = a(w;) and &(v;) = 0.
kerr ={a e V" |alw =0w-}={a e V" | a(w) =0 Yw € W}

={f() [ f(0)(w) =0Vw e W} ={f(v) | B(v,w) =0 Vw e W}

>~ eV |Bv,w)=0YweW}=wt
Finally dim V' = dim V* = dimker 7 + dimim» = dim W+ + dim W. |
Corollary. WNWL ={0}=V=Wao W',

Let 8 be a symmetric bilinear form on V', eq, ..., e, a basis of V. Define the
matrix of 8 to be (6(e;, €;))nxn-

Theorem. (3 is non-degenerate iff det((5(ei, e;))nxn) # 0.

Lemma VI.7. Let I be an ideal of L, then we can look at it as a Lie algebra
in its own right. Let k; be the Killing form of I, k the Killing form of L. Then
fO’f‘ all T,y € L; k((E,y) = k](xvy)

Proof. Let B; be a basis of I and extend it to a basis B of L. For all z € I

and y € L, [z,y] € I, thus ad(z): L — I. Thus [ad(z)]s = /(1)95 %m ,
where A, = [ad(z)|[]p,. Similarly for z € I, [ad(z)|p = OZ B;Z , where
Az = [ad(z)|1]31. Now
A A,
k(x, 2) = tr([ad(@)] pad(2)] ) = tr (==
= tr(A;A.) = tr([ad(2)[1] 5, [ad(2)]1]B,)
= ky(z,2) [ |
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Lemma VI.8. If I is an ideal of L, then so is I+.

Proof. I+ ={x € L | k(x,y) = 0 Vi € I}, clearly this is a subspace of L (since
k is bilinear). For all # € L and y € I+ we want [y,x] € I+. For all i € I,
k(ly,z],i) = k(y, [x,i]) = 0 and so [y,z] € I+. ]

Cartan’s 2nd Criterion. L is semisimple iff k is non-degenerate. (i.e. Rad(L) =
{0} = L*+={0}.)

Proof. L* is an ideal of L, and for all x € L+ and y € [L+,LY] C L, k(x,y) =
0 = kpo(x,y). Thus Lt is solvable. Therefore L is a solvable ideal of L, so
L+ C Rad(L).

= L is semisimple = L1 C Rad(L) = {0} = k is non-degenerate.

< Assume Rad(L) # {0}, claim that there exists Iy # {0} which is an
ideal of L, abelian, and Iy C Rad(L). The proof is an exercise (hint:
Iy = Rad(L)™) where Rad(L)(™*+1) = {0} # Rad(L)™).
For all z,y € L and i € I, ad(i) o ad(z) o ad(i)(y) = [ ¢ , [z, [¢,y]]] = 0.
N~ e —
€lo clo
Thus ad(z) o ad (%) o ad(z) o ad(i) = 0. Hence ad(z) o ad(¢) is a nilpotent
linear map (in gl(L)). Hence (ad(z) o ad(7)) is nilpotent. Thus by Engel’s
Theorem for Subalgebras of gl(L) there is a basis B such that the matrix of
ad(z)oad(?) is strictly upper triangular. Hence k(x,4) = tr(ad(xz)oad(:)) =
0. Now forall z € L, and all i € Iy, k(x,i) = 0. Hence I, C L+, so L+ # 0,
so k is degenerate. |

Example. L =sl(2,C), k the Killing form. Let’s calculate the matrix of k. A

basis of sl(2, )1se—612, = e11 — €29, f = ea1. With respect to this basis:
0 72 O 2 0 0 0 0 0
[ad(e)] = | 0 0 0 O [ad(f)]=[-1 0 0
0 0 0 2 0 2 0

k(e,e) k(h,e) k(f.e) 00 4

(k] = | k(e,h) k(h,h) k(f,h)]=[0 8 0

ke, f) k(h,f) k(f.f) 400

det([k]) # 0 so k is non-degenerate. Hence sl(2, C) is semisimple.
Notice that k(e,e) =0, {€) C (e} = (e, h).

Lemma V1.9. Let L be a semisimple Lie algebra over C. If I # {0} is an ideal
of L, then so is I+, and L = I ® I-. Moreover, I is semisimple.

Proof. By VL.8, I'+ is an ideal of L, so INI+ is an ideal of L. For all z,y € INI~+,
k(z,y) = 0. But k(z,y) = k7o (7,y) = 0. So by Cartan’s 1st Criterion, I NI+
is solvable. Thus I NI+ C Rad(L) = {0}. Hence L = I & I+.

I is semisimple <= kj is non-degenerate <= {j € I|ki(j,i)=0Viel} =
{0} But {j el |kr(jyi)=0Viel}={jel|k(ji)=0Viel}=INI+=
{0} |

Exercise. If I is an ideal, (I+)+ = 1.

Corollary VI.10. If L is a semisimple Lie algebra over C, and I is an ideal
of L, then L/I is semisimple.
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Proof. By V1.9, L = I @ I'+ and I, I+ are both semisimple. Now L/I = (I &
IN/T=(I+1IH/I=T+/INIY) =Tt is semisimple. [ ]

Corollary VI.11. If L is a semisimple Lie algebra over C, then every homo-
morphic image of L is semisimple.

Proof. Let ¢: L — M be a homomorphism of Lie algebras. Then ¢(L)
L/ ker ¢, but ker ¢ is an ideal of L. So ¢(L) is semisimple by VI.10.

m R

Definition VI.12. Let M be a Lie algebra over C. Then M is simple if M is
non-abelian and has no proper ideals.

Theorem VI1.13. If L is a Lie algebra over C, then L is semisimple iff L =
L1 ®---® Ly where Vi, L; is a simple ideal of L.

Proof.

= Suppose L is semisimple. Let I be a minimal proper ideal of L. That is,
{0} # 1 # L, I an ideal of L, and if J is an ideal of L with J C I then
J={0}orJ=1.
By V1.9, L = I® I+, If Iy is an ideal of I, then for all z € L: 2 = i+ for
some i inl, j € I*+. Now for all = € Iy, [a,2] = [a,i + j] = [a,i] + [a,j] =
[a,i] € Iy, since [I, 1] C I NI+ ={0}.
Hence I is an ideal of L, so Iy = {0} or Iy = I. Therefore I has no
proper ideals. [ is also non-abelian since it cannot be solvable since L is
semisimple. Hence I is simple.
If I+ # {0}, we can use induction on the dimension (since dim I+ < dim L
and It is semisimple) to decompose It =Ly® - @ L where each L; is
a simple ideal of I*. Now L = I ® Ly @ - - - @® Ly,. It remains to show that
each L; is an ideal of L.
Forallz € L,z =i+afori € I, a € I*. Then for z € L;, [x,2] =
[i, 2] + [a,2] € L;. Hence L; is an ideal of L. We let Ly := I and hence
L=L®- -®Ly.

< L=L® - ®Lg Let R =Rad(L), consider [R,L;]. [R,L;] C R so
[R, L;] is a solvable ideal of L. [R, L;] C L; so [R, L;] is a solvable ideal of
L;. Hence R, L;] = {0} or [R,L;] = L; since L; is simple. If [R, L;] = L;
then L; is solvable and hence L; is abelian, which is a contradiction.
Therefore [R,L;] = {0}. Now for all x € L, z = a1 + ag + ---a; with
a; € L;. Forall r € R, [r,z] = [r,a1] + -+ [r,ax) = 0. Thus R C Z(L).
But L=L1®--® Ly and so Z(L) = Z(L1) ® - ® Z(Lyp). But all of
the L; are simple, hence Z(L;) = {0}. Hence Z(L) = {0} and therefore
R = {0}. Thus L is semisimple. [ ]

We remark that simple = semisimple. Now to study semisimple Lie algebras
we have to find out about simple Lie algebras.
In section II we looked at ad: L — gl(L), in fact ad(L) C Der(L) C gl(L).

Theorem VI.14. If L is a semisimple Lie algebra over C, then L = ad(L) =
Der(L). (i.e. all derivations are inner.)

Proof. Consider ad(L) = L/Z(L). As L is semisimple, Z(L) = {0}, so ad(L) =
L. Denote M := ad(L). M C Der(L) C gl(L), M is semisimple. Let kjs be
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the Killing form of M. By Cartan’s 2nd Criterion, kjs is non-degenerate. We
claim that for all € L and all 6 € Der(L), [0, ad(x)] = ad(d(x)). The proof is
an exercise.

[0,ad(z)] = ad(d(x)) € M, so [Der(L),M] C M. Hence M is an ideal of
Der(L). Let kperz) be the Killing form of Der(L). kper(r)|lar = knr. Look at
M* = {6 € Der(L) | kper(r,y(6,m) =0VYm € M}. Now MNM* ={5€ M |
kyp(d,m) =0Vm € M} = {0} since M is semisimple. By the “small review”,
Der(L) = M & M+ and [M,M+] C M N M+ = {0}. Now for all § € M+ and
x € L, ad(6(z)) = [4,ad(x)] = {0}, and so 6(z) € ker(ad) = Z(L) = {0}, and so
§(z) = 0. Hence § = 0. Therefore M+ = {0}. Therefore M = Der(L). [ |

Lemma VI.15. If L is a Lie algebra over C and ¢ € Der(L), and 6 = ds + ns
is a Jordan decomposition of § € gl(L), then both ds,ns are derivations of L.

Proof. If we can show that ds € Der(L) then we will have s = d —ds € Der(L).
For all A € C,let Ly = {w € L | (§ — Mz)*(z) = 0 for some i = i(z) € N}
be the generalised eigenspace of A. If X is an eigenvalue of ¢, then Ly # {0},
otherwise Ly = {0}. )\ is an eigenvalue of ¢ iff X is an eigenvalue of ds. Each Ly
is a subspace of L, in fact L = @ Ly (quoted without proof).
A is an eigenvalue of §

Exercise: show that [L, Lg] C Layp (hint: show that (§ — (a+ 8)I1)*([z,y]) =
Zfzo[(é —alp)i(z), (§ — BIL)*~(y)] by induction on k).

Now for all a € L, b € Lg, we have ds([a, b]) = (a+0)[a, b], and also [a, d5(b)]+
[ds(a),b] = [a, Bb] + [aa,b] = (B + a)[a,b]. Hence ds € Der(L). [ |

Corollary VI.16. Let L be a semisimple Lie algebra over C, then for allx € L,
there exists a d,n € L with x = d+n, [d,n] = 0, ad(d) diagonalisable and ad(n)
nilpotent.

Proof. Look at ad(z) € gl(L) which has Jordan decomposition ad(z) = d +n
with ¢ diagonalisable, 7 nilpotent and [§, ] = 0. But ad(x) € Der(L) so d,n €
Der(L). But L is semisimple and hence ad(L) = Der(L). Now there exists
d,n € L such that ad(d) = 6 and ad(n) = 7. Hence z = d+n and 0 = [0,7] =
[ad(d),ad(n)] = ad([d,n]) which gives [d,n] € ker(ad) = Z(L) = {0}. |

Definition VI.17. Let L be a semisimple Lie algebra over C. Then for all
x € L let d,n be as above. The decomposition x = d + n is called an abstract
Jordan decomposition. d is called the semisimple part of x and n the nilpotent
part of x. If d = 0, x is nilpotent and if n = 0 x is semisimple.

Remark. Notice that if z € L C gl(V), then z has a Jordan decomposition
and also an abstract Jordan decomposition. Are they connected? In fact, they
coincide.

This theorem is too long to prove here, but we will use it for the remark
which follows:

Theorem VI1.18. Let L be a semisimple Lie algebra over C and ¢: L — gl(V)
be a representation of L. Now if x € L and x = d + n is an abstract Jordan
decomposition, then ¢(x) = ¢(d) + ¢(n) is a Jordan decomposition of ¢(z) €
gl(V).
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Remark. Let L be a semisimple Lie algebra over C, x € L and x = d + n be
an abstract Jordan decomposition. Then ad(z) = ad(d) + ad(n) is a Jordan
decomposition. Suppose y € L and [z,y] = 0. Then [d,y] = [n,y] = 0.

Proof. Since [n,y] = [z — d,y] it is enough to show that [d,y] = ad(d)(y) = 0.
As ¢ = d+ n is an abstract Jordan decomposition, ad(d) diagonalisable and
ad(z) = ad(d) + ad(n) is a Jordan decomposition of ad(z). By VI.1 there is a
polynomial p(t) € C[t] with p(ad(x)) = ad(d). Hence ad(d)(y) = p(ad(z))(y) =
0. ]
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VII Cartan Subalgebras

Let L be a nontrivial semisimple Lie algebra over C.
Definition VII.1. Let H be a subalgebra of L such that:
1. H is abelian.
2. Vh € H, h is semisimple.
3. H is maximal with respect to 1. and 2.
Then H is called a Cartan subalgebra of L.
Lemma VII.2. L contains a nontrivial Cartan subalgebra.

Proof. For all x € L we have an abstract Jordan decomposition x = d + n, and
so ad(z) = ad(d) + ad(n). If for all x € L, ad(d) = 0 then ad(z) = ad(n) €
gl(L) is nilpotent. Therefore by Engel’s theorem L is nilpotent and we have a
contradiction since L is semisimple.

So there is some x € L with abstract Jordan decomposition x = d+n with d # 0,
d € L and d semisimple. Now we take (d)¢ which is an abelian subalgebra of L
and for all y € (d)¢, y is semisimple. Now any maximal element of S := {A | A
is a subalgebra of L, A abelian and Va € A, a is semisimple} # ) is a Cartan
subalgebra of L. |

Notation. Fory e L, Cp(y) :={x € L| [z,y] =0}.
For ACL, Cp(A):={z € L|[z,a] =0 Va € A}.

Lemma VII.3. Let H be a Cartan subalgebra of L. Then Cp,(H) is a subalgebra
of L, and for all h € H, Cr(h) is a subalgebra of L, and H C Cr,(H) C CL(h).

Proof. H is abelian, so H C Cr(H) and h € H, so Cp(H) C Cr(h). CL(H)
and Cp,(h) are vector spaces by their definitions and bilinearity of [, :]. The rest
is an exercise. |

Lemma VIL.4. Let hg € H, with dim¢ Cr(ho) < dimc Cr(h) Yh € H. Then
Cr(hy) = CL(H).

Proof. Assume there is an a € H with a ¢ Z(CL(ho)). We choose a basis of L
by combining bases of its subspaces:

Cr(a)NCr(hg) e1,...,ek
Cr(ho) e1,...,€k 91,5 9r
Cr(a) e1,....ek, f1y. -y fe
(ho) €1y y€ksG1yevesGry f1yeey fe
L e, i€k,015 3 Gr f15o oy fes U150, Us

We will choose the v; carefully however: since a and hg are semisimple, ad(a)
and ad(h) are diagonalisable on L. Since [a, hg] = 0 (since H is abelian), ad(a)
and ad(h) are simultaneously diagonalisable. Hence we can find a basis of L
consisting of eigenvectors of ad(a) and ad(hg). Thus we choose v; such that
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ad(a)(vi) = Q,;V; and ad(ho)(vl) = ﬁi’Uz’.
Take v € C with v # 0 and v # f%w. Look at t = a + vho € H, let’s see how
ad(t) acts on the chosen basis of L:

ad(t)(e;) = [t, ei] = [a + vho, ;] = [a, e;] +Y[ho,e;] =0
ad(t)(fi) = [t, fil = [a + vho, fi] = la, fi] +~[ho, fi]l #0
ad(t)(g:) = [t, 95] = [a + vho, 9:] = |a, gi] + v[ho, g:] # 0
ad(t)(vi) = [t,vi] = [a + vho, vi] = [a,v:] + 7[ho, vi] # 0

dime Cr(t) = k < k+r = dimc CL(ho) as a ¢ Z(Cr(ho)). Therefore we have
found ¢t € H with dim¢ Cf(t) < dime CL(ho) which is a contradiction.

Therefore for alla € H, a € Z(CL(ho)),i.e. H C Z(CL(ho)). Hence [H,CL(ho)] =
{0} and thus Cp,(hy) C CL(H) C (hy). |

Using this lemma, we will show that Cr(H) = H.
Question. Why?

H is a Cartan subalgebra of L, so Vh € H, h is semisimple. H is abelian and
acts on L by ad. For all h € H we have ad(H): L — L, i.e. adp(H) € gl(L).
The adp(h) (for h € H) are all simultaneously diagonalisable, so there is a basis
of common eigenvectors of {adr(h) | h € H}. Let’s take a common eigenvector
v#0. Forallh € H, ad(h)(v) = a(h)v. So we have aweight a: H — C, a« € H*
and a weight space L, # {0} corresponding to . L, = {w € L | [h,w] =
ah)ywvh € Hy. f a =0, Lo ={w € L | [h,w] =0h € H} = C(H) O H.
Hence Lo # 0.

Hactson Lviaad. L =L, ®Lg®---,1le. L= @ L,. (Bya

« a weight of H
weight of H we mean, of course, a weight of ad(H).) We define ® = {a | aisa

weight of H, « # 0}. Now we can write L = Ly & @ L. Our goal is to show
acd

that this equals H ® @ L, called the Cartan decomposition of L with respect
to H. ot
Claim VII.5. For all o, € H*;

1. [La, Lg] € Loyg.

2. Ifa+ [ #0, then k(Lq,Lg) = 0.

3. Ly # 0 and k|L, is non-degenerate.

Proof. If a or 3 are not in ®, then L, = {0} or Lz = {0}. Then the claim
obviously holds. So we may assume L, # {0} # Lg.

1. Forallz € L,, all y € Lg and all h € H:

ad(h) ([, y]) = [h, [z,9]] = =[x, [y, bl] = [y, [h, 2]) = [, [h, y]] + [[2, 2], 4]
= [z, B(h)y] + [a(h)z,y] = (B(h) + a(h))[z, y]
= (a+ B)(h)[z,y]
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2. Forall x € Ly, all y € Lg:
a(h)k(z,y) = k(a(h)z,y) = k([hvw], y) = —k([z,h],y) = —k(z, [k, y])
= —k(z, B(h)y) = —B(h)k(z,y)

Hence (a(h) + B(h))k(x,y) = 0. Since a4 B # 0, there exists h € H with
(o + B)(h) # 0. Therefore k(x,y) = 0.

3. Let a € Lo N L, then for all x € Lo, k(z,a) = 0. For allv € L =
Lo & EB L, there exists vg € Lg and v, € L, Ya € ® such that v =

acd
vo + Z V. But now k(a,v) = k(a,vo) + Z k(a,vo) = 0. Therefore
aed — acd
=0 =0 by part 2.
a € L+ = {0} by Cartan’s 2nd criterion. Hence Ly N Lg = {0}. |

Lemma VII.6. C.(H) = H.

Proof. Let hg € H be as in VII4 so that Cp(hg) = CL(H). Recall H C Cr(H)
since H is abelian. For all x € Cr(H) = Cr(hg), « has an abstract Jordan
decomposition = d + n where ad(d) is diagonalisable, ad(n) is nilpotent and
[d,z] = 0 = [n,z]. But [x,ho] = 0 so by the remark at the end of the last
section, d,n € Cp(hg). But d is semisimple and d € Cr(hy) = CL(H) so
d € H by maximality of H. n € Cpr(hy) and n is nilpotent (i.e. ad(n) is
nilpotent). x € Cf(ho) so ad(z)|c, () satisfies Vy € Cr(ho), ad(z)(y) = [z,y] €
CL(ho) and so ad(x)|CL(ho): CL(ho) — CL(hO) Since Yy € CL(ho) = L(H),
ad(d)(y) = [d, 5] = 0, we have ad(@)]c, (1) = (M) ()

We have shown that Va € CL(ho), ad(x)|c, (he): CL(ho) — CL(ho) is nilpotent.
Therefore by Engel’s Theorem, C7,(hg) is nilpotent, and hence solvable. Since L
is semisimple, L 2 ady (L) and by restricting, Cr,(ho) = ad(CL(ho)) C gl(L).
So adr(CL(hg)) is a solvable subalgebra of gl(L). Hence by Lie’s Theorem,
there is a basis of L such that the matrices representing ady (Cpr(ho)) are all
upper triangular. Since ady(n) is nilpotent, the matrix representing ady (n)
is strictly upper triangular. Now for all y € Cp(hg), k|r,(n,y) = k(n,y) =
tr(ad(n) o ad(y)) = 0. Hence n € Lo N Ly = {0}. Hence n = 0 and so
r=decH. |

We can now write L = H & @La, where ® = {a € H* | a is a weight of
H and « # 0}. Elements of ® aﬁé}eg}alled roots of L relative to H.
Remark. As dimc L < 00, |®| < 00, dime Ly < 0o and dime H < oo.
Lemma VII.7. For all h € H \ {0}, there exists o € ® such that a(h) # 0.

Proof. Assume hg € H \ {0} and that for all &« € ®, a(hg) = 0. Now for
x € Lq, ad(hg)(z) = [ho,x] = alho)x = 0. Hence [hg,L,] = 0 Va € P,
and so [ho, H] = 0. Therefore hy € Z(L) = {0}, and so hg = 0, which is a
contradiction. ]

Corollary VIL.8. (®)c = H*.
Proof. Exercise. |
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Lemma VIL9. If a € ®, then —a € P.

Proof. Assume o € ® # —a. Now for all 8 € &, a+ 5 # 00 k(Lqa, Lg) =0 (by
VIL5) and o + 0 # 0 so k(Ly, L) = 0 (also by VIL5). Hence L, C L+ = {0},
and so L, = {0}, which is a contradiction. [ |

Lemma VII.10. Let o € ®. There existst, € H such thatVx € L,,Vy € L_,,
[z,y] = k(z,y)ta. In fact, Vh € H, k(ty,h) = a(h).

Proof. Fix a € ®, now if & € Lo, y € L_, then [z,y] € [La, L—o] C Lo—o = H.
Look at Ly = H and consider k|r,. By VIL5, k|z, is nondegenerate. We now
have a nondegenerate symmetric bilinear k|g: H x H — C. By the “small
review”, there is an isomorphism H — H* induced by k|g. Take a € ® C H*
and choose t, € H such that k(t,, ) = a(-). Now for all h € H:

k(h" [$,yD = k([h,ax],y) = k‘(Oé h)xvy) = a(h)k;(m,y) = k(tavh)k(x’y)
= k(k(x7y)ta7 h) = k<h’ k(l’, y)toc)

SoVh e H, k(\ll-/’ [z,y] — k(z,y)ta) = 0. So [x,y] — k(z,y)te € HNH* = {0}.
—~—  N——

€H cnm €H
Hence [z, y] = k(z, y)tq. [ |

Corollary VII.11. For all o € ®, [L,, L_o] = (ta)c-

Proof. By VIL10, for all x € L,, and all y € L_,, [z,y] = k(z,y)t,. Hence
[LasL_o] C (ta)c. But what if [Ly, L_o] = {0}? If so, for all € L,, and all
y € L_q, 0=[z,y] = k(x,y)ty and so k(z,y) = 0. But now k(Ly,L_o) =0,
as well as k(Lq, Lg) for all 8 € ® U {0} \ {—a}. Hence k(L,,L) = 0 and so
L, C L+ = {0} which is a contradiction. Hence [Lq, L_o] = (ta)c- [ ]

Fix o € ®, now for all x € L, thereis a y € L_, with [z,y] = k(z, y)ts # 0.
Look at M, = (z,y, [z, y])c = (z,y,ta). M, is a subalgebra of L (check!).
dim(c Ma =3.

Assume first that a(tq) = 0 (i.e. a([z,y]) = 0). Then t,,2] = a(te)r =0
and to, y] = —a(ty)y = 0. Therefore ¢, € Z(M,) and so M, /Z(M,,) is nilpotent
and so is M, (check!). M, = ad;(M,) C gl(L), adr,(M,) is nilpotent. Hence
there is a basis of L such that adp(M,) is strictly upper triangular. Hence
adp (ty) is strictly upper triangular, but ¢, € H so t, is semisimple and ady,(¢,)
is diagonalisable. Hence t, = 0 which is a contradiction, therefore a(t,) # 0.

a(te) = k(ta,ta) # 0. Denote

2 2
o =2 €Ly hai=—"tyeH, fo—— = el
(1) Jo = itk @)

M, = <ea7ha7fa>'

2 2
[has€a] = [7k(ta,ta)ta’ea] = 7]{(%7%) [tas€a] = 7}6(%‘7%)&(%)6@ = 2e,
[houfoz} == _Qfa
[eaafa} — ... :ha

Hence M, = s((2,C). This gives us:
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Lemma VIIL.12. For each o € ® there exists a subalgebra M, C L with M, =
sl(2,C).

Lemma VIIL.13. t, = —t_q, ho = —h_q, a(hy) = 2.

Proof. For all h € H, a(h) = k(ta,h). Then k(—t_o,h) = —k(t_a,h) =
—(—a(h)) = a(h). So k(ta +t_a,h) = 0 for all h € H. But VIL5 gives
that k|p is nondegenerate and so t, +t_o = 0.

The rest is an exercise. ]

sl(2,C) = (e, f, h)c is semisimple, so it has a Cartan subalgebra H. h is

2 0 0
semisimple since [ad(h)]e. s, = [0 0 0 |. Since dim((h) ® Lo, & L_,) =
0 0 -2

3 = dim((h) + Lo + L_o) = dimsi(2,C), H = (h).
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VIII More Representation Theory

Let L be a semisimple Lie algebra over C. Let V be a module of L. (V is a
vector space, L acts on V, rest of definition V.2 holds.)

Definition VIII.1. A Lie module V of L is irreducible if V' has no proper
L-submodules.
ie. W CV, W asubmodule = W = {0} or W =V.

Definition VIII.2. An L-module V is completely reducible if there are irre-
ducible submodules Vi,...,V; such that V = V3 & --- & V. Equivalently V'
is completely reducible if whenever W is an L-submodule of V' there is an L-
submodule W’ such that W e W' = V.

Weyl’s Theorem. If L is a semisimple Lie algebra over C, then every L-
module is completely reducible.

No proof is given, since it would take far too long.

Consider M = s((2,C) = (e, h, f)c. (h) = H is the Catran subalgebra
of M. Let V be an irreducible M-module. Then there is a representation
¢: M — gl(V), ¢(z)(v) = zv. h is semisimple so it is its own abstract Jor-
dan decomposition. Therefore by VI.18 ¢(h) is its own Jordan decomposition,
and therefore diagonalisable. Hence with respect to some basis of V', [¢(h)]
is diagonal, i.e. there is a basis of V consisting of eigenvectors of h. Hence

V= EB Vy.

A is an eigenvalue of h
Lemma VIIL.3. If A € C is an eigenvalue of h and v € V), then:
1. either ev =0 or ev € V42
2. either fo =20 or fv € Vy_q
Proof.

1. h(ev) = [h,e](v) + eh(v) = 2e(v) + e(hv) = 2ev + e(Av) = 2ev + dev =
(A + 2)ev.

2. Similarly. |

Since dim V' < oo, the number of eigenvalues of & is finite, and we have
finitely many summands in V = @ Vx. On the other hand,
A is an eigenvalue of h
if A is an eigenvalue of h, we can look at A + 2, A + 4,... in the light of the
previous lemma. This tells us there must be an eigenvalue \g of A such that
Ve 7# {0} = Vi, +2. We will call such a Ag a highest weight and we may choose
vg € Vi, \ {0} and call vy a maximal eigenvector of Ag.

Lemma VIII.4. Let V' be an irreducible M-module, Ay be a highest weight and
vg be a mazximal eigenvector. Set vy := 0 and fori > 0, v; := %fi’ljo. Then for
1> 0:

1. ]’L’Ui = ()\o — 27;)’01'

2. fvi = (’L + 1)’01'_;'_1
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3. evi=(No— i+ 1)vi_q
Proof. We give a sketch of why each is true, the details are uninspiring.
1. Follows from previous lemma.
2. Follows from definition of v;.
3. Can be done by induction on 3.
|

Let V be an irreducible M-module. Look at {vg,v1,...} € V. For each
i, v; is an eigenvector of h with eigenvalue Ao — 2i. Hence for some m € N,
Um 7 0 = U1, and 80 Upq; = 0 V5 > 1.

Look at (vg,v1,- - vm)c € V. This subspace is h-invariant, e-invariant and
f-invariant (by the previous lemma). This implies that (vg,v1, - - U )c is an M-
submodule of V' (check!), but V is irreducible, so V' = (vg, v1, - - vm)c. Hence
dimV = m + 1. Let’s write matrices of h,e, f with respect to this basis; the
lemma clearly gives us:

Ao 0

0 X—2 0 0
[Mlvo,...vm = 0 Ao — 4

0 0
0 /\0 —2m

0 X

0 0 X-—1 0
[e]vo,...,vm = 0 0

0 Ao —m+1
0 0

0 0

1 0 O 0
[f]UU7~~-7U7n = 2 0

m 0

But note also that (Ag — m)v,, = evp41 = e0 = 0. Hence (since v, # 0)
Ao = m. We have now proved the following theorem:

Theorem VIIL.5. IfV is an irreducible module for M = s((2,C), then:

1. Relative to h, V = @ Vi where dimV =m +1, dimV,, = 1.

p=m,m—2,...,—m

2. The action of M on V is described explicitly (for some basis) by the ma-
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trices

0 m—2 0
[h] = 0
2—m
0 0
0 m
0 0 m-—1 O
[e] = 0
0 1
O 0 O
0 0
1 0 0 O
n=| 2
.0 0
O m 0

and hence for allm € N there is (up to an equivalence of modules) at most

1 irreducible M -module of dimension m + 1.
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IX More on Semisimple Lie Algebras

Let L be a semisimple Lie algebra over C, then we know L = H © @, e La

Proposition IX.1. Let a € ®, if ca € @ for some ¢ € C, then ¢ = 1.

Proof. Let W := (H,Leo | ca € ®)¢ = (Leo, | ¢ € C)¢ € L. There exists

M, C L such that M, = {(ea,ha, fa)c = sl(2,C). For any x € M,, = =

aeq + bfo + dhy. Now for all h € H, [z,h] = aleq, h] + b[fa, k] + d[ha, h] =

—aa(h)eq + b(—a(h))fo +0 € W. Also for y € L., where ca € @, [z,y] =

alea,y] +b [fasy] +d [ha,y] € W. We now have that for all x € M, and all
~—— ~—— ~——

ELcata ELca—a =a(ha)y
w € W, [z, w] € W. W is a vector space over C and so defining zw := [z, w] € W
makes W into an M,-module. Let’s study this module.
Since ® 5 a: H — C, H, := kera C H has dimension dim H, = dim H — 1.
As a(hy) =2 #0, H=H, ® (hy,). Forallz € M,, and all h € H, C W,
xh = [z,h] = —aa(h)e, — ba(h)f, = 0. This means that H, is a trivial
M,-module which is a submodule of W. Consider M, = (eq, ha, fa)c € W.
Since for all x,w € M,, zw = [x,w] € M,, M, is an M,-module. In fact,
M, is an irreducible M,-module (check!). If h € H, N M, then a(h) = 0
so h € H, but h would be in the Cartan subalgbra of M, which is (h,) and
so h = 0. Hence H, N M, = {0} and so W D H, & M,, which is an M,-
submodule of W. Since W is an M,-module, it is completely reducible by
Weyl’s Theorem. So, by the definition, there is an M,-submodule W, of W
such that W = H, ® M, ® M, C L. Our goal now is to show that W, = {0}.
W, is an M,-module so it contains an irreducible submodule W, of dimension
m+ 1. By theorem VIIL5, there is a basis of W, such that [hy] = diag(m,m —
2,...,—m).
Suppose m = 2[. Then [h,] = diag(2(,2] —2,...,0,...,—2l) and so there exists
0 # w € W, €W such that how = [he,w] = 0w = 0. Hence w € L., =
[ha, w] = (car)(ho)w = cal(hy)w = 2cw = ¢c=0. Sow € Ly = H C H, ® M,,
which means w € (H, ® M,,) N W, which is a contradiction. Hence m is odd.
We claim that for all « € &, 2o ¢ ®. To prove this, assume that «,2a € P,
then 2a(h,) = 4 is an eigenvalue of h, (in its action on W). But what are
the eigenvalues of h,? We consider W = H, & M, & W,. For all h € H,
[ha, h] = Oh so the eigenvalues on H, are 0. [hqy, ho] = 0, [ha,ea] = 2¢4 and
[he, fo] = —2fa so the eigenvalues on M,, are 0, £2. The eigenvalues on W,, are
all odd. Therefore 4 cannot be an eigenvalue of h,, this contradiction proves
the claim.

We now know that (in its action on W, (m = 2l + 1)) [ha] = diag(2l + 1,21
1,...,1,...,—20—1), so there exists 0 # w € W,, such that how = [hqa, w ]:
We now have w € L.y = [ha,w] = (ca)(ho)w = ca(hy)w = 2cw = ¢ = %
Hence %a, a € @, contradicting the claim.

Hence W, = {0} and so (H,Lco, | ca € )¢ =W = H, @ M, = Hy & (hy) B
Lo.®L_,=H®®&L,®L_,, completing the proof. |
Corollary IX.2. For all « € &, dim L, =

Proof. H, ® My =H® L, d L_, [ |

SoL=H®® @ L, gives us dim L = dim H + |®| and |®| is even.
acd
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Lemma IX.3. For all o, 5 € @, B(hy) € Z.

Proof. (hy) acts on L via adp(h,). In fact, M, acts on L via adp, so L is an
M,-module. By Weyl’s Theorem L decomposes as a sum of irreducible M-
submodules. On each of these submodules, the eigenvalues of h, are m,m —
1,...,—m. So all of the eigenvalues of h, are integers. Hence (3(h), which is
an eigenvalue of h, is an integer. |

Lemma IX.4. Let a, 0 € @, § # ta. Then

1. There exist q,r € N (including 0) where r — g = $(hy), such that for all
i€Z,B+iac® < —r<i<q.

2. B— B(ha)a € ®.

Proof. W := (Lgtia | 1 € Z, B+ia € )¢ C L. Since « is a root, we have a sub-
algebra of L, My = (ea, ha, fa) = 5l(2,C). We find [La, Lgtial € Last(it1)a €
W, [L_a, Lﬁ-&-ia} g L,B—i—(i—l)a g W and [H, LB_H‘Q] g L6+ia Q W and so
[Mq, W] CW. So W is an M,-module via mw := [m,w]. What are the eigen-
values of ho? For & € Lgiig, hot = [ha, 2] = (B +ia)(ha)z = B(ha) + 2i € Z.
All the eigenvalues are therefore integers, and all are equivalant modulo 2. Fur-
thermore each value occurs (at most) for a single 1-dimensional subspace. Hence
W cannot be the sum of 2 or more irreducible submodules, since it would then
contain 0 or 1 as an eigenvalue twice. Hence W is irreducible. Thus the eigen-
values of h, are precisely m,m — 2,...,—m. So we can pick ¢,r € N with
m = B(ha) + 29, —m = [(hy) — 2r; this is so that S+ qa € @ F S+ (¢ + 1)
and B —rae®ZFB—(r+1)a.

We now consider add the equations m = ((hy) + 2g and —m = S(h,) — 2r,
giving 0 = 28(ha) + 2¢ — 2r, and so B(h,) =r —q. We now have 8 — B(ho)a =
B—(r—qa=0+(¢—r)a, and —r < g — r < ¢, completing the proof. |

Exercise. Let a, 8 € @, if o« + 8 € @, then [Ly, Lg] = L.

Lemma IX.5. If a, 8 € ®, then k(hqa, hg) € Z and k(ta,t3) € Q.

Proof.
Elhas ha) = tr(ad(he) 0 ad(hg)) = 3 1 (ha) () € Z
yED
F(tastg) = k(k(t‘; ta) - k(té’ 1) 1) = %k(ta,ta)k(tﬁ,tg)k(ha,hg)

Now, using this with 3 = « gives k(ta,ta) = k(ta,ta)?:k(ha, ha) and hence
k(ta,ta) € Q. Similarly k(tg,t3) € Q. Hence k(t,,t3) € Q. |

We have that k|gy is a non-degenerate symmetric bilinear form. Hence the
map H — H* defined by h +— k(h,-) is an isomorphism. Now we have

V¢ € H* 3ty € H such that ty — k(tg, ) = o(-)
Look at H*; for all ¢,0 € H* let (¢,0) := k(ts,t9). k is a non-degenerate

symmetric bilinear form, and therefore (-,-): H* — H* is also a non-degenerate
symmetric bilinear form (check!). For all o, 8 € ®, (o, §) = k(ta,t3) € Q.
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Since we have (®) = H*, there exist roots ai,...,q; € ® which form a
basis of H* For all B € ®, B = cya1 + -+ + g for some ¢; € C. Look at
1

570@ = § Oél,OéJ § ag7az

=1 =1
(B, 01) (ar,0q) -+ (a1, ) a1
Q4! 5 : -
(B, o) (g, a1) -+ (a,a0)) \a
tays -+ ta, is a basis of H. Hence (k(ta,,ta;)),; is the matrix of a nondegen-
erate symmetric bilinear form, and so is invertible in Q"!. Since ((av;,;))i; =
C1
(k(tassta,))i,j, we find that | : | € QbL.
a
We can now define E := Raq,...,qq] 2 ®. E is a real vector space, so we

may consider the restriction (+,-)|gxg. For all § € E:

(0,0) = k(to,to) = tr(ad(ty) o ad(ty)) = Y _ (te)v(te) = Y _ ¥(ts)?

vEP €D
2
= kl(ty,t0)* =D (7,0) >0
yed yed eV]R

and

(0,0) =0 <= > Y(ts)* =0 <= Y(tg) =0Vy €D = tp=0 < 0=0
yedP

50 (+,+)|Ex g is an inner product.
We have shown that:

e [ is a vector space over R with a real inner product.
e FE= (D), 0¢ D.

e Vaed cae® «<— c=+1.

o Vo0 € @, 2109 = k(tmmta) = k(tg, ha) = B(ha) € Z, and

B-2LY0 =3 p(ha) € P
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X Root Systems

Let E be a vector space over R, dimg E' < oo with a real-valued inner product
(,): EXE — R. For allv € E\ {0} define 5,: E — E by 0,: xl—>x—2(z’v;v

(v
which is a linear map. Clearly o, (v) = —v and if y L v then o, (y) = y—0v =y,
so 0, is a reflection in (v)*, which is invertible (in fact, is an involution).

Notation. (z,v) := 2%3?

Remark. For all z,y,v € E, (o,(x),0,(y)) = (z,y).

Definition X.1. Let R C E. Then R is a root system if:

(R1) |R| <o0,0¢ R, (R)r = E.

(R2) If o € Rthenra € R <= r==£1.
(R3) Ya € R, 0o(R) CR.

(R4) Yo, B € R, (o, ) € Z.

Example. Let L be a semisimple Lie algebra over C, H be a Cartan subalgebra,
and ® be the set of roots. Then ® is a root system by the properties at the end
of the last chapter.

From now on, assume R is a root system of F.
Lemma X.2. For all o, 8 € R, 8 # +a, then {«, 3){8,a) € {0,1,2,3}.
Proof. For all v,w € E, (v,w)? = (v,v)(w,w) cos? @ where § = v, w is the an-
gle between v and w. This gives (o, 8)(8,a) = 22%232222; = 4cos?(a, B) €
0,4 NZ=1{0,1,2,3,4}.

Now if («, 8)(8,a) = 4 then cosg(oz\ﬂ) = 1 and so = +« which is a contra-
diction. Hence (a, 5)(f, ) € {0,1,2,3}. [ ]

Take o, 8 € R and assume without loss of generality that (8,5) > (o, «).

This gives |{«, 8)| = 2% <2 ‘Egzgl = (8, a)|. We can now construct a table

of the situation for each value of {a, 8){(3, a):

(@.B)(B,0) | (.B) (B,0) aB {2
0 0 0 /2 -
1 1 1 /3 1
1 -1 -1 2r/3 1
2 1 2 /4 V2
2 ~1 -2 3n/4 V2
3 1 3 /6 3
3 —1 -3 51/6 /3

Lemma X.5. Ifo,8 € R and (3,0) = (o, «) then:
1. Ifo?,\6>7r/2 then a+ (3 € R.

2. Ifo?,\ﬁ<7r/2 then a — 3 € R.
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Proof. og(a) = a — (o, 8)8 € R by (R3). If a, B> m/2 then (o, ) = —1 and
soag(a)—af( B) =a+ 0 € R. Ifo?,\ﬂ<7r/2then<a,/6>:1andso
og(a) =a—F €R. u

Examples.
1. If dim F =1 then R = {£a}, this is called Type A;.

2. If dim F = 2, take a, 3 € R, and suppose R is the smallest root system
containing « and f:

(a) If 8 = /2 then we know nothing about ||3]| and ||«||, but o, (8) = 3,
og(@) = @, so R = {+a,+0} is a Type A; x A; root system.

B
«’»a
(b) If 6 = 2, we have ||8]| = [|o|. By X.5, a +3 € R. Now con-

31derat10n of (R3) will not generate any new roots. So we can have
R ={ta,+0,£(a+ B)}. This is type As.

K-

(C)Ifﬂz%,wehav =2 By X5 a+p3€ R Also R >

Ha\l
oa(B) = B — (B,a) = B+ 2. Again we get no additional roots, so
R={xa,+0,£(f+ a), £ (ﬁ +2a)}. This is type Ba.

X

(d) The remaining case, 6 = ?’T and ”—5” /3 is an exercise, and gives

a G root system.
B
i E ::: a:
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Definition X.6. R is irreducible if you cannot write R = R; U Ry where each
R; is a root system in (R;), R1 N Ry = 0 and (a1, @z) = 0 whenever «; € R;.

Lemma X.7. If R is a root system, then either R is irreducible or R = Ry L
Ry - - -UR; where each R; is a root system of E; = (R;), E = E1®E.®--- D E
and E; L Ej fori#j.

Sketch proof: One may introduce an equivalence relation ~ on R by a ~ (3
iff 31, ...~ such that jrubbed out!.

Definition X.8. Let R be a root system in F, and B C R. Then B is a base
for R if:

1. B is a basis for F

2. Va € R, a = } 5 pagPB where ag € Z and either ag > 0 V8 € B (in
which case « is called a positive root) or ag < 0 V3 € B (in which case «
is called a negative root).

Examples.
B
2. (a) a B ={a,}.
B
(b) a B ={a, B}

Theorem X.9. Every root system has a base.

Sketch proof. It is easy to satisfy 1. since (R) = E. Algorithm for 2.: choose
v € E such that (v,a) # 0 Va € R. Then let the positive roots be Rt =
{a € R | (v,a) > 0}. Define B as a minimal subset of RT satisfying Vo €
R* 361,...,0k € Bst. a= 1+ + B ]

Weyl Group of R
For all « € R, we have that 0, : E — E is the reflection in the hyperplane {a)*.

-1 . 0

Hence (with respect to some basis of E) [0,] = ) . Therefore
o -,

0q € GL(E). We can now define W = W(R) := (0, | « € R) C GL(E). W(R)

is the Weyl group of R, and is a subgroup of GL(E).

For all o, 8 € R, 0,(8) € R by (R3). Hence for all « € R, 0,(R) = R, and
so for all g € W(R), g(R) = R. Therefore there is a natural homomorphism
[+ W(R) — X|g|, the group of permutations of |R| letters.

If g € ker f then for all 8 € R, g(8) = 8 but (R) = F so g = idg. Hence
ker f = {id}. Therefore W(R) = f(W(R)) < Xg|; in particular, W(R) is finite.

Facts about W(R):
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1. If B is a base of R, then W(R) = (0, | « € B).
2. For all o € R, There exist g € W(R) and «; € B such that a = g(«;).

Theorem X.10. Let R be a root system and B, B’ be bases of R. Then there
exists g € W(R) such that B’ = {g(a) | « € B'}.

(No proof)

Let R be a root system, and B = {a1,...,q} be a base. The Cartan
matriz of R is the matrix ((a;, «j))ix;. Since for all 8 € R, (og(c),05(a;)) =
22‘;?&3‘;522?;; = ZEZ‘;J; = (w,a;) we have that for all g € W(R), 8 € R,
(9(a;),9(ej)) = (a4, ;). This, together with X.10 tells us that the Cartan
matrix is independant of the choice of base (but not the order).

Examples.

2.(a) The Cartan matrix of A; x A4y is <(2) (2])

2.(b) The Cartan matrix of Ay is (_21 21).

2.(c,d) Exercise: compute the Cartan matrices of By and Ga.

Given R we define A(R) to be the (multi)graph whose vertices are elements
of B, and the number of edges between a and 8 is dog = (o, B)(5,a). If
lla]l # 118|| then the edge is directed towards the shorter root (denoted by
an arrowhead in the middle of the edge(s)). This graph is called the Dynkin
diagram of R. Notice that the Dynkin diagram contains as much information as
the Cartan matrix, since (a;, a;) can be determined from the line(s) connecting
the corresponding vertices in the diagram.

Examples.
1. A(4;) =0.
2. (a) A(41x A1) =0 O
(b) A(42) = O—O0.
(c) A(Bz) = O==0.
)

Theorem X.11. R R’ <— A(R) 2 A(R/).

Proof. Clearly R~ R’ = A(R) = A(R').
We want to show that we can construct R from A(R). Take a vector space E

with the vertices of A(R) (aq,...,ax) as a basis. Construct an inner product
on F from the Cartan matrix. Let W be the group generated by the simple
reflections o,,. Take R to be the image under W of the simple roots a1, ..., a.

Assume A(R) = A(R'). Define ¢: E — E’ by ¢(v;) = v}, where v; is a vertex
of A(R) (and hence an element of the basis of E) and v} is the corresponding
vertex of A(R’), and extend by linearity. This preserves the inner product,
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(o, B) = (d(a),d(B)), since this holds for the basis. This implies that the

following diagram commutes:

and hence ¢(ga) = gé(a) for all g in the Weyl group.
Fact. If B € R, then B € ga; for some g € W and some simple root ;.

Thus ¢(R) C R, and similarly ¢~ (R’) C R. Hence ¢ is an isomorphism of
root systems. |

R is irreducible iff A(R) is connected. This is because if A(R) = A(Ry) U
A(Ry) then E = (Ry) @ (R2) with (vy,v2) = 0 for v; € E; := (R;) and so R
reduces as R = Ry U Ry. Conversely if R = R; U Ry with (a1,as) = 0 for
a; € R; then there are no lines in A(R) between the simple roots of Ry and
those of Rs.

Theorem X.12 (Classification of irreducible root systems). Fuvery irreducible
root system has one of the following Dynkin diagrams:

A O—O— - —0O—0—=0
B, O—0O—  —0O—0O==0
Cn O—O—  —O0—0==0
D, O—O— —0O—0O—~0
G, O==0
Fy, O—0O==0—->0
Es O—0O—0O0—0O—~0
O
E: O—0O—0O—CO—"—C0—20
O
Es O—0O—0O0—(O—C0O—"—0—-20
O

Proof. We know that (-,-) is positive definite. We can show that for any other
diagram there would be a vector v # 0 with (v,v) < 0. We will give the proof
by presenting, at each step, a diagram which we intend to show cannot occur as
a subgraph of A(R). We label each vertex v; of the graph with a real number
i, and consider E 3 v = Ajvy + - - - + Ag vy since the v; are elements of the basis
of E. It will always be apparent that (v;,v) = Z?:l Aj(vi,vj) < 0 and hence

(v,0) = X0 Ni(vi,v) <O0.
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If our diagram contains a loop (possibly including multiple edges), we can
construct v by

7@)7

which tells us that the diagram must be a tree. (For this one only, we use that
replacing single edges with multiple ones will only decrease the value of (v, v)
and so we need not worry about whether the lines in the loop are single or
multiple.)

If we have a triple edge, we cannot have any more edges, using

O—Q@=® o O—O==0

so if we have a triple edge, then the diagram must be Gs.
If we have both a double edge and a branch we use

Q Q
>®® S —@==0 or >®® - —@=0
d d

so if we have a double edge, we must have a straight line.
Consideration of these three diagrams

D>=0—@— - —@=<0

D<LD—O— —D=>=0
D=>=0—0— —0@=>=0
tells us that we cannot have two double edges, and
O—Q@Q—@==@—©@ o O—Q—@==—0
indicates that a double edge can only be at the end (i.e. in B,, or Cy,) or in Fj.
We have now covered all possiblities involving multiple edges, so suppose

from now on that all edges are single. Two triple points (or a quadruple or
higher point) are not allowed because of

Q o
>®® - ®<
@ ®

and hence we have at most one triple point, i.e. we cannot have more than three
ends. If there is no triple point, our diagram is A,,, so assume not. The only
remaining diagrams have one central vertex surrounded by three branches of
length at least 1. The next diagram

O—O@——0B—00—0
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tells us that we cannot have at least two edges in each direction, i.e. one direction
has length exactly 1. We are aiming here for D,, or E,, so we eliminate the next
case

which means that only one direction can have at least three edges, i.e. one
direction has length 1, and another has length 1 or 2. We now only require the
following

@@@@@i@@

to show that the longest F,, diagram is Eg.
The only remaining Dynkin diagrams are those in our list. |

We have shown that all root systems are of the specified types. We have yet,
however, to show that root systems of each type exist, We want to construct a
simple Lie algebra for each Dynkin diagram.

Theorem X.13. Given a Dynkin diagram, we get a Cartan matriz, and we can
define a Lie algebra by the following presentation. The generators are e; := eq,,
fi = fa;, hi '= hq,. The relations are

[hi, hj] = Vi, j
[hi, e5] = <O‘Ja0‘z>ej Vi, j
[hi, f3] = — (o, i) f Vi, j
les, fi] = hy Vi
[es f5] =0 Vi # j
ad(e;)' (@) (e;) = 0 Vi j
ad(f;)' = (f;) =0 Vi g

The Lie algebra defined by this presentation is a simple Lie algebra. The Dynkin
diagram of the Lie algebra is the Dynkin diagram we started with because the
subspace spanned by hy, ..., h. is a Cartan subalgebra.

Summary

Theorem X.14. If L is a complex semisimple Lie algebra and 1, P2 are two
root systems for L then ®; = ®,.

Corollary X.15. A semisimple Lie algebra is a direct sum of simple Lie alge-
bras L = L1 @ --- ® Ly, and this decomposition is unique up to ordering and
isomorphism.

Proof. Take a Dynkin diagram of L. This decomposes, uniquely up to ordering,
into connected components. These components correspond to summands ¢ =
P U---UPg. Then L = Ly & --- @ L where each L; has root system &;. A
Cartan subalgebra of L is h = (hy) @ --- & (hy) where each (h;) is a Cartan
subalgebra of L;. |
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