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Abstract where Z;Vil p(o? (1)) = 1. The agents we will study here
will only have two possible action states to choose from, so
Recently there has been interest in the study of Multi- we label each agent’s action as either o J (r)oro 21 (7). Now
Agent Systems where these systems can be described us- we define 7;(7) as the feedback an agent receives from the
ing the principles of game-theory. In particular the Minor- environment at time 7 for making move j € {7, |} and we
ity Game has been used to study the relationship between also define the update of the memory of past rewards the
trading behaviour and volatility of financial markets while agent has received as [5]:
micro-economic games have been studied in order to under-
stand how agents adapt to each others behaviour at the level . ‘ 1 4
of agent-agent interactions. This paper introduces a model Ulr+1)-Ul(r) = T [53‘(7')73 (1) — U} (7)] (1)
which enables the numerical study of the collective adap-
tation of agents when a parameter ¢ is adjusted, varying where U;(0) = 0, T is a constant that sets the agent-
the relative contribution of local and global interactions to environment interaction time scale', o € [0, 1] is a mem-
the adaptive dynamics of the agents. The model also allows ory term (« = 0 represents perfect memory of past feed-
for the variation in a memory parameter which attenuates back whereas a¢ = 1 represents no memory of past feedback
an agents history. It is demonstrated that for two different and the agent’s actions are instead entirely dependent on the
types of local interaction between the agents, co-operative most recent reward) and:
and non-co-operative, there are significant memory depen-
dent differences in the volatility of the system. 5,(r) = { 1, action ] is chosen at time 7 2
J 0, otherwise

Note that in the work on the Minority Game in [6] o = 0,
1 Introduction i.e. perfect memory of past actions, is implicit in the update
of U;(7). Now we can define the probability distribution

In the work of Sato et.al [1] an agent is defined in over the j possible responses at time 7 as:

terms of its action space, the history (memory) of rewards

received from those actions and a selection procedure for ' PUL(7)
mapping past {action, reward} pairs to an action that will be plal(r)) = oL je{n 1l 3
taken in the next time interval. To this end, and motivated Zke{T Aye

by the literature on reinforcement learning [2, 3, 4], the

principal idea is to define an agent ¢ € {1,2,..., N} called e th s “rationality’ . ie. f. N
o; which at time 7 € {0,1,2,...} is required to choose describe the agent’s ‘rationality’, i.e. for 5 — oo the agent

an action j from a selection of M mutually exclusive will converge on the action with the greatest probability

alternatives, we label an agent so defined o (r). The associated with it (totally rational) and for 3 = 0 the agent
’ 7 . . . . .

agent has a state vector associated with it, called its choice will act randomly without consideration of past rewards

distribution, of length M which reflects the probability (totally irrational).

In the work of Wolpert et.al. [7, 8] the 3 value is used to

associated with the agent taking action j € {1,...,M}

at time 7: p(T) = {p(ail (T)),p(a? (T)), R ,p(UZM (T))} 'we will assume T = 1 for the rest of this paper
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This work presents the initial findings of a particular
structure of U/ (7) based on the microscopic interactions
of a version of the game of ‘matching pennies’ [1, 5, 9]
and the macroscopic interactions of the Minority Game
[10, 11, 12, 13]. In the microscopic interactions we model
each agent o; as interacting with the two agents, o;_; and
oi+1, on either side in a chain through a 2 x 2 interaction
matrix B. The ‘reward’ for this local interaction with
respect to o; is given by:

Tlocal

“)

0i—1-B-0o;j+0441-B-0;

where z - y denotes the standard dot product between x and
y and we assume that the following holds for any o: o €
{oT, 0t} = {[§], [{]}- The matching pennies game uses:

—1 1
s (00)
local

so T is maximised for ;1 = 0;41 # 0;. In the
Minority Game with zero information [13] we can describe
the reward a single agent receives for its action choice
through a similar equation:

global interactions between the agents. Section 3 addresses
agents with memories and section 4 discusses how different
types of local interactions give rise to differing system
dynamics. Conclusions are discussed in the last section.

2 Memory-less Agents

In the first instance we consider the case where the
agents have no memory of their past rewards and their
behaviour is based exclusively on their current orientation,
i.e. a = 1 in equation (1). At each time-step 7 there is
a choice that each agent has to make: stay in the current
state or change to the second state. If an agent has no
memory of past rewards, the only information available is
the current reward and the fact that there is an alternative
state to be in, the agents are unaware of the potential value
of the alternative state and it therefore assigns a ‘guess’ of
rait(7) = 0 whereas the reward associated with the current
configuration is 7eyprent (7) = @rloc + (1 — @)ratebal In
order to understand what the likely dynamics of this system
are, we need to understand how equation (3) evolves via
equation (7) and so initially we examine the two extreme
cases where ¢ is either O or 1.

rglobal E . B . Ui (5)
B i o; © 2.1 The ¢ =1 Case
c = —
—~ N
1= . .
In the ¢ = 1 case only the local interactions have
Note that for ¢ = [8:?], i.e. there are an equal number any influence on the dynamics and we can enumerate
of agents of both orientations, r9'°* = ( irrespective of all the possible configurations of local interactions.

whether or not o; = UJ oro; = ail and r9tebal g positive
onlyif 7 - 0; < % i.e. 0; is in the minority.

The total value of the reward associated with a given
agent’s orientation is defined as:

We can do this by considering a chain of agents:
{..,0i21(7),0i(7),0541(7),...}, the probability for
the next state which o;(7) will be in is a conditional
probability, i.e.:

p(o] = olfotral,s)
local lobal
r = or + (1 —=o¢)r9 7 _
¢ ( ®) (7 =C lexpﬁ(gil71'B'O'iT""_O'iTJrl'B'o‘iT)
where ¢ is a real valued parameter in the closed unit and :
interval, ¢ € [0,1], which represents the significance C = exp ﬂ(gii_ ,-B- giT + ng+ .- B- UZT) +1

each agent associates with the local reward relative to the
significance associated with the global reward. 7 is used to
construct an agent’s memory of past rewards via equation 1
such that U7, the agents utility, is the attenuated sum of past
rewards for action j. Fora = 1 : U (7 + 1) = &;(7)r(7).
In this paper we are interested in the dynamic evolution
of this system with particular interest in the way local and
global interactions influence the overall system dynamics.

In section 2 we consider the case of agents with no
memory and the dynamics of this system for local and

where the +1 term in C is due to rgy = 0 — et =1
discussed previously. Note that if we consider in the
example above the probability of moving from the current
state to the alternative state, we would simply have:
p(o] — a}|ot 1 0l,,) = C~! for the this same reason.

The following table is a list of the probabilities for
transitions given the local environment for memory-less
agents (up to symmetrically equivalent configurations):
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Before discussing the numerical results it should be
noted that there is one ‘absolutely’ stable and one ‘pe-
riodically’ stable configuration each agent can be in. In
the absolutely stable case we can have a chain of agents:
{...,ol 500 0l az.lﬂ, O'Z-T+2, ...} which as 3 — oo has
a zero probability of changing and is therefore temporally
frozen. This configuration is the Nash equilibrium for the
local interactions as there is no benefit to any agent in this
configuration in changing its orientation. On the other
hand the chain: {...,0} 5,0} 1,0},0} ,,005,...} as
[ — oo has a probability of 1 of changing to the opposite
configuration in the next time step and then changing back
again at the time-step after that. Consequently this chain
of agents has a temporal periodicity. This is clearly not a
Nash equilibrium because all of the agents will be in the
same state all of the time, so no agent ever has a different
penny from its two neighbours. The other configurations
have a fixed probability of % irrespective of the value of 3.

With ¢ = 1 there can be no phase transition for
variation in 3 [14, 15]. This is because phase transitions in
models such as this only exist in the case of infinite range
interactions between the agents and ¢ = 1 insures there are
only local interactions. However it is interesting to note
how the system evolves for increasing (3 as there are clear
signs that the two types of stable behaviours discussed
above emerge smoothly from the random behaviour of
low 3 (left plot Table 1). In this graphic, 250 agents are
arrayed across the top of the plot with initial conditions of
p(c}(0)) = p(s}(0)) = & and 8 = 0. The two possible
configurations that the agents can be in are plotted as a
white point or a black point. Each successive update of
the system is then plotted below the previous and every
20" time step the 3 value increases by 0.2, 3 reaches a
maximum of 5 and the left most agent is connected to the
right most agent so that the agent chain is connected in a
loop. It can be seen that the two types of stable solutions
discussed above emerge smoothly from the random phase
of low (3 values and the boundaries between the two regions
of different solution types are composed of transition
types 2 and 5 from the previous table, i.e. they have an

Transition Type | Conditional | Probability equal pr.obe.lbi.lity of being in either orientation and this
T T T T 1 1 probability is independent of .
l: o, — o, i 1| Oit1 T7e2r <3
T T | T 1
2: 0, — 0, Oi 1 | Oiyq 5
. T ! ! 1 1
3io; —=o; |0y | Oiy1 | THe > 2
L T T T 1 1
4: 0; — o, i1 | O | Trem <3
Ll T ! T 1
S5:0; — 0, i1 | Oipq 5
Ll T ! ! 1 1
6: 0; — 0, i1 | 041 | a7 > 3

=

Table 1. Action orientations for 250 interact-
ing agents (left: ¢ = 1 (local), right: ¢ = 0
(global)) with 5 increasing with = from top to
bottom. - = 3 =0 — 7 = 500 = 1003.

2.2 The ¢ =0 Case

In the ¢ = 0 case (right plot, Table 1) we have the
behaviour of the agents entirely dominated by the aggregate
orientation of all agents in the system. A consequence of
taking this average value is that & in equation (5) is not
binary but instead it can take on intermediate orientations
which wouldn’t exist except as an aggregate of other
orientations. This leads to the natural instability of the con-
figuration {...,o!_, 0! |, 0], 07:1_,’_17 J;+27 ...} discussed
previously. In this case we see that the overall orientation
of the system is:

=

,_iﬁ_ 0.5
77 &N T |os

and that rolobel  —
r = (brlocal + (1 _

®)

0 and so equation (7) is:
p)rototal = 0, ie. mno net reward
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for this type of configuration and the agents will act
randomly unless there is an alternative stable configuration
for the agents to be in. There is an alternative available in
the temporally periodic solution discussed above which is
far from the Nash equilibrium, so this is the only solution
we should expect, i.e. the periodic behaviour associated
with the agent chain: {...,o}_,,0r_|, 0, ofﬂ, l.l+2, ...}
(right plot, Table 1). We should also expect to see a phase
transition associated with variation in 3 as @ induces long
range interactions between the agents (Figure 1). This
phase transition in the Minority Game was analysed in
[16] and marks the transition from low variability to high
variability in the agent’s behaviour at some critical value
Bc. The oscillations from one configuration to another
have a periodicity of 2 and it is this transition to cyclic
behaviour which is responsible for the vertical striations
we see dominating the lower half of the right hand plot in
Table 1.

conditions we had for the local dynamics in the previous
example except we fix 4 = 5 and now for every 20"
update ¢ decreases by 0.1 until it reaches O and then the
system is allowed to run on so that the dynamics for ¢ = 0
can be observed. The rest of the parameters are set as they
were for the previous example, 250 agents with random
initial conditions arranged in a ring. The results are shown
in Table 2 with ¢ decreasing from top to bottom, zero being

reached half way down.

1 s w,‘a-"“'-wu""' a
0.8 _""-_'
0. e
Pop. RAGMERTAPRR TS |
" i Table 2. Action orientations for N = 250
02 . agents (left: a = 0.6, right: « = 0.0) with ¢
. Y decreasing from top to bottom. ¢ = 0 half
, , vt pa, way down.
100 200 200 400 500
B0 - 5

Figure 1. Proportion of total agents in one of
the possible orientations for the right plot in
Table 1 showing the phase transition at
200 (8 ~ 2)

3 Agents With Memory

In [11, 17] extensive analytical and numerical studies
were made of a Minority Game which is equivalent to
¢ = 0 and o = 0 i.e. perfect memory and no contribution
to the dynamics from local interactions. In this section
we present numerical results concerning the relationship
between « and ¢ for some fixed 3 > S..

The examples we consider are for o = 0.6,0.05 and 0.0
where ¢ : 1 — 0. This allows us to see how the dynamics
of the system evolve as it progresses from purely local
to purely global dynamics. We start with the same initial

T e
g»f';"”ﬁ" W"’ f.ﬁ; ,{‘.{f’ ..r" s
&‘7‘

* ’*
* ek */’. * *

Frop.

Figure 2. Relative proportion of total agent
orientations for different values of «a: black
0.6 (branch at = ~ 200, ¢ 0), blue
~ 400) and red o = 0.0

o =
a = 0.05 (branch at
(no branch)

It can be seen that before ¢ = 0 the agents with fixed
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positions dominate with a small proportion regularly
switching their orientation. Just prior to ¢ = 0 there
is a brief random interval before the dynamics flip and
the system is dominated by the period two oscillatory
behaviour associated with 5 > (.. As we decrease « the
variance in the region ¢ = 0 decreases very slowly with «
but not until « = 0 do we see the variance in the ¢ = 0
region achieve the same low value as is seen in the ¢ < 0
region. Note that there is very little volatility and very
little dependence on « in the region ¢ > 0 compared to
¢ = 0. The point at which the oscillations (branch points in
Figure 2) set in also increases with increasing memory. As
numerical simulations show that this does not occur if we
start the system with ¢ = 0 and fixed, it is clear that this
time delay to the oscillatory solution is due to a ‘priming’
effect induced by the agent’s memory of good choices
(high utility) in the region ¢ > 0 (7 < 200 in Figure 2).
This is supported by the right hand plot in Table 2 where,
for « = 0, those agents which were fixed prior to ¢ = 0
remain fixed after ¢ = 0.

4 Agent Co-operation Reduces Volatility

As mentioned above, the dynamics for this system in the
a = 0, ¢ = 0 state have been well studied in the past and
the issue of reducing the volatility in the agent’s behaviour
has often been addressed for example by introducing more
information into the model such as ‘public’ information
[10, 11]. However, it has also been suggested that volatility
can be reduced by adding co-ordination to the dynamic
interactions of the agents [13]. Low volatility is desirable
in the global dynamics of the agents because it has been
recognised that certain types of volatility, such as all agents
switching from one configuration to the alternative configu-
ration (lower half of left hand figure, Table 2) is far from the
Nash equilibrium. In this case there would be no agents in
the minority and therefore no agents earn any reward. We
now present a way in which co-operation can be introduced
into the system which improves co-ordination between the
agents, such as coalition block formation, which enables
volatility to be reduced significantly.

We recall the structure of equation 4 where the local in-
teractions were based on the local equivalent of the Minor-
ity Game’s global dynamics, called the matching pennies
game. If instead of B being used for both the local and
global dynamics we replaced B in r/°°® with another ma-

trix A:
1 -1
A= (a)

so that now rlocel oi_1 - Aoy + Oit1 - A - oy

This payoff matrix implies a co-operative relationship
between the agents such that /°°® is maximised when
0i—1 = 0; = 0ijy1. In order to measure the volatility
reduction 250 agents were modelled interacting over 125
time-steps with 5 = 5 and ¢ = 0.1 so that there was only a
10% contribution to the overall dynamics coming from the
local interactions, the other 90% coming from the global
Minority Game interactions. In Figure 3 we show the
results in the volatility reduction (measured as variance) as
a function of decreasing memory for both non-co-operative
and co-operative local dynamics. Most of the volatility
has been reduced for locally co-operative agents for
a < 0.5, a sharp contrast with the the dynamics of locally
non-co-operative agents which show high volatility for
o > 0.25 where below this value both methods are very
similar in their results. It is also interesting to see that even
with zero memory (v = 1), local co-operation helps reduce
variability.

Tariance

025}

e - Tk

. L . . A0
0.2 0.4 0.6 = 1
Figure 3. Variance in the agent behaviour as
a function of memory (¢ = 0.1, 5 = 5) for
non-co-operative (blue, top curve) and co-

operative agents (red, bottom curve).

I

Figure 4. Agent orientations for N = 250, 5 =
5¢=0.1,a=01and 7:1 — 125.
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We can see what is happening by again looking at a plot
of the agent orientations for locally co-operative agents as a
function of 7 (Figure 4). After an initial transient phase the
agents form aggregates of agents of the same orientation
which are mostly fixed in their behaviour. There are
however agents which form the boundaries between these
coalition blocks which often exhibit switching behaviour
and these are the agents which contribute most of the
variability to the system. It has been pointed out [13] that
frozen agents are more efficient than oscillating agents
in the Minority Game and by adding a degree of local
co-ordination between the agents it is this frozen behaviour
we recognise as the source of reduced volatility in the
system.

5 Conclusion

In this paper we have introduced a model which enables
us to study the relationships between local and global
dynamics for agents interacting in a game theoretical
setting. This approach is particularly interesting as many
real world scenarios are not dominated solely by the local
or the global game dynamics, but have components of
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